Hurwitz spaces of triple coverings of elliptic 
curves and moduli spaces of abelian threefolds 

Vassil Kanev 

Dedicated to the memory of Fabio Bardelli 
Abstract 

We prove that the moduli spaces As(D) of polarized abelian threefolds with polariza- 
tions of types D = (1, 1, 2), (1, 2, 2), (1, 1, 3) or (1,3,3) are unirational. The result is 
based on the study of families of simple coverings of elliptic curves of degree 2 or 3 
and on the study of the corresponding period mappings associated with holomorphic 
differentials with trace 0. In particular we prove the unirationality of the Hurwitz space 
7~£3A(¥) w hich parameterizes simply branched triple coverings of an elliptic curve Y 
with determinants of the Tschirnhausen modules isomorphic to A^ 1 . 

Introduction 

The problem of calculating the Kodaira dimension of the moduli spaces A g (di,d 2 , . . . , d g ) 
which parameterize abelian varieties of dimension g with polarizations of type D = 
(d±, G? 2 , • • • , d g ), di\di + i has been a topic of intensive study in the last 20 years. The case of 
principal polarizations is almost settled. Due to the work of Clemens, Donagi, Tai, Freitag 
and Mumford it is known that the moduli space A g = A g (l, . . . , 1) is unirational if g < 5 
and is of general type if g > 7. The Kodaira dimension of Aq is unknown. Much work has 
been devoted to the modular varieties ^4 2 (1 3 d)- Due to the work of Birkenhake, Lange, van 
Straten, Horrocks and Mumford, Manolache and Schreyer, O' Grady, Gross and Popescu it is 
known that .4.2(1, d) is unirational if 2 < d < 11. The interested reader may find a detailed 
discussion on these and related results in |GPj . Gritsenko proved in |Gri| that ^(l, d) is not 
uniruled if d > 13 and d ^ 14, 15, 16, 18, 20, 24, 30, 36. Sankaran proved in |Saj that .4.2(1, d) 
is of general type if d is a prime number > 173. 

Much less is known about the modular varieties of non-principally polarized abelian 
varieties of dimension > 3. Tai proved in |Taj that A g (D) is of general type if g > 16 and D 
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is an arbitrary polarization type or if g > 8 for certain D. The only result about unirationality 
of such modular varieties known to the author is due to Bardelli, Ciliberto and Verra who 
proved in |BCVj that .4.4(1,2,2,2) is unirational. In the recent paper |BL3[ Birkenhake 
and Lange proved that A g (D) = A g (D) where D = (di, d 2 , . . . , d g ), D = (di, d%, . . . , d g ) 
with di = -j^l. As a consequence Ai(l, 1,1,2) is unirational. Whether ^4 4 (1, 1, 2, 2) is 
unirational seems to be unknown. 

In the present paper we consider threedimensional abelian varieties with polarizations of 
exponent 2 or 3. We prove that the following modular varieties are unirational: ^3(1, 1,2), 
.4.3(1,2,2), .4.3(1,1,3) and ^4.3(1,3,3). By the result of Birkenhake and Lange cited above 
it suffices to verify the unirationality only of .A3 (1,1,2) and «A 3 (1,1,3). The idea of the 
proof is the following. We observe that given a covering tc : X — > Y of degree d = 2 or 3, 
with g(X) = 4, g(Y) = 1, the associated Prym variety P = Ker(Nm n : J(X) — > J(Y)) 
has polarization of type (1,1, d). We consider a smooth elliptic fibration ^ -> Z C P 1 
with a section obtained from a general pencil of cubic curves in P 2 . We construct an open 
subset T C P(H) where H is a certain vector bundle over Z and a family of simple degree 
d coverings p : X — > y? = y Xz T. With this family one associates the Prym mapping 
<P : T — > ^.3(1, l,d). We prove that the differential of the Prym mapping d<& is generically 
surjective and this fact implies the unirationality of As(l,l,d). Both the construction of 
T and the generic surjectivity of d<P are easier when d — 2. The case d = 3 requires the 
use of Prym varieties in a generalized sense, associated with triple coverings. Here we use 
Miranda's result which relates triple coverings with rank 2 vector bundles on the base |Mij and 
Atiyah's results about vector bundles over elliptic curves |Atj . Defining the Prym mapping 
and calculating its differential is a necessary work that we do in Section El and Section 0] for 
families of coverings of arbitrary degree. Using the results of the present paper and following 
the same pattern we prove in |Kaj the unirationality of .43(1,1,4). The modular variety 
^4.3(1, 1,5) may be studied in a similar manner which we intend to address elsewhere. 

Here is an outline of the content of the paper by sections. Section contains two lemmas 
which connect coverings of elliptic curves with abelian varieties with polarization of type 
(1, . . . , 1, d). In Section |21 we study the Hurwitz space Hd, n (X) which parameterizes degree 
d coverings tt : X — > Y of an elliptic curve Y simply branched in n > 2 points. The 
direct summand E y in the decomposition tc^Ox — Oy © E v is called the Tschirnhausen 
module of the coverine;. Given A G Pic n/2 Y we denote by H d ,A{ Y ) the subset of Kd,n( Y ) 
parameterizing coverings with det E = A. We define and give some simple properties of 
7~Ld,n{Y) and TLd,A(y) 1X1 (EHJ) - (|2.6|) . In (|2.7|) we focus on triple coverings of elliptic curves 
and make a dimension count of the number of parameters on which depend triple coverings 
with a Tschirnhausen module of a given type. In order to make a conclusion about the 
type of the Tschirnhausen module of a general triple covering in Proposition 12 .91 we need the 
technical result of Lemma 12.81 We then prove in Theorem 12. 101 that Tiz^iX) is rational if 
deg A is odd and is unirational if deg A is even. This result is of independent interest and is 
analogous to the classically known unirationality of the moduli space of trigonal curves. The 
way we prove the unirationality of H^ n {Y) suggests the construction in Proposition 12 . 14l of 
the family of coverings p : X — > 3^r over a rational base T of dimension 6 which we discussed 
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in the previous paragraph. 

Large part of Section |3] is an overview of polarized Hodge structures of weight one and 
their variations. Some simple facts we need are usually included as particular cases of more 
general theorems and also usually only unimodular polarizations are considered. It seems 
to us appropriate to include in the paper some of the material we use. With every covering 
7r : X —>■ Y of smooth projective curves one can associate two dual abelian varieties, the 
Prym variety P = Ker(Nm n : J(X) — > J(Y))°, and its dual P = Pic°X/ir*Pic Y polarized 
naturally by dual polarizations. Given a family of coverings over a smooth base T one 
obtains respectively two morphisms <& : T — > A(D) and <P : T — > A(D) into moduli spaces 
of abelian varieties. The morphisms $ and $ are constructed by means of variations of 
Hodge structures of weight one. In Proposition I3.21I we give a multiplicative formula for the 
differential of <P. 

Section|3]is devoted to the local study of the Prym mapping. In the first part of the section 
we consider an arbitrary simple branched covering of smooth, projective curves 7r : X — > Y 
with g{Y) > 1 and its minimal versal deformation over the base N x H. Here N is the 
base of a minimal versal deformation of Y and if is a product of small disks centered at 
the branch points of tt. Considering the spaces of holomorphic differentials with trace one 
obtains a polarized variation of Hodge structures of weight 1 and a corresponding period 
mapping <& : N x H — > D where © is a period domain biholomorphically equivalent to a 
Siegel upper half space. In (|4.1j) - ()4.9j) we work out various details necessary for obtaining 
in Proposition 14.91 a formula for the differential d<P. In the remaining part of the section we 
restrict ourselves to the case of elliptic Y. In (J4.10J) - ()4.17|) we obtain a geometric criterion 
in terms of the cover X in order that the kernel of the differential d$(so), evaluated at 
the reference point corresponding to 7r : X — > Y, has dimension 1 (the minimal possible). 
The check of this criterion for double coverings of elliptic curves is easy and is done in 
Proposition ^. 181 The remaining part of the section is devoted to the proof that the criterion 
is valid for general triple covers of genus 4, a fact needed for the proof of the unirationality 
of .4.3(1, 1, 3). We first verify it for a union of two elliptic curves which intersect transversally 
in 3 points, and then obtain the result for general triple covers of genus 4 by smoothing. 

In Section we prove our main results. In Theorem 15. II we give an alternative proof of a 
result of Birkenhake and Lange that ^4 2 (1,2) and ^4 2 (1,3) are unirational |BLlj . Using the 
same argument and applying the results of Gritsenko and Sankaran cited above we prove in 
Theorem O that if d > 13 and d ^ 14, 15, 16, 18, 20, 24, 30, 36 and if A e Pic 2 Y is a fixed 
invertible sheaf then every connected component of the Hurwitz space T~Cd,A{Y) corresponding 
to coverings for which Ker (ir* : J(Y) — > J(X)) = is not uniruled. Moreover every 
connected component of Ti-d^^X) is of general type if d is prime and d > 173. Finally in 
Theorem 15.31 we prove that ^3(1, 1, 2) and .4.3(1, 1, 3) are unirational. 

An argument of Section 0] uses that degenerating coverings of smooth projective curves 
into a covering of reduced curves the limit of the trace mapping of holomorphic differentials 
equals the trace mapping of regular differentials. As discussed in jEI] p. 7 such a statement 
does not seem to follow from relative duality. We give a proof of the statement we need in 
Appendix A. 
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In Appendix B we prove the openness of the stability, the semist ability and the regular 
polystability conditions for families of vector bundles over a family of elliptic curves. These 
are well-known facts that we use but for which we could not find a reference. 

Notation and conventions. We use the term morphism only in the category of schemes. 
When working with complex analytic spaces we use the term holomorphic mapping. Unless 
otherwise specified we make distinction between locally free sheaves and vector bundles and 
we denote differently their projectivizations. If E is a locally free sheaf of Y and if E is 
the corresponding vector bundle, i.e. E = £>y(E), then P(E) := Proj(S(£)) = P(E V ). A 
morphism (or holomorphic mapping) 7r : X — > Y is called covering if it is finite, surjective 
and flat. If X and Y are smooth, then finiteness and surjectivity imply flatness (see e.g. 
[Mat] p.179 and [E] p.158). A covering of irreducible projective curves ir : X — > Y of degree d 
is called simple if X and Y are smooth and for each y GF one has d—l<# 7r _1 (y) < d. All 
schemes are assumed separated of finite type over the algebraically closed base field. Unless 
otherwise specified, or clear from the context, curve means integral scheme of dimension one. 
Unless otherwise specified we assume the base field k = C. 

Acknowledgments. The author is grateful to R. Donagi, D. Markushevich and Y. Zarkhin 
for useful discussions and to M. Cornalba for sending a preliminary version of the book 
ACC?E\ Vol.11. 

Contents. 1. Prym varieties of coverings of elliptic curves, 2. Hurwitz spaces of triple 
coverings of elliptic curves, 3. Families of coverings and variations of Hodge structures, 
4. Local study of the Prym mapping, 5. Unirationality results, Appendix A. Traces of 
differential forms, Appendix B. Openness conditions for families of vector bundles over 
families of elliptic curves. 

1 Prym varieties of coverings of elliptic curves 

Let 7r : X — > Y be a covering of smooth, projective curves of degree d > 2, suppose g(Y) > 1. 
Let P = Ker(Nm n : J(X) — ► J(Y))° be the Prym variety of the covering. Let be the 
canonical polarization of J(X) and let 0p be its restriction on P. We give a proof of the 
following fact stated in |BNR| Remark 2.7. 

Lemma 1.1. The following three conditions are equivalent: 7T* : Hi(X,%) —>■ Hi(Y,Z) is 
surjective; tc* : J(Y) — > J(X) is injective; Ker^Nm^) is connected. Suppose these conditions 
hold and let P = Ker(Nm n ) . Then the polarization Bp is of type (1, . . . , 1, d, . . . , d) where 
the d's are repeated g(Y) times. 

Proof. To prove the first statement we may look at these abelian varieties as real tori: 
J(X) = iJ 1 (X,M)/F 1 (X,Z), Pic°X = H 1 (X,R)/H 1 {X,'L) and similar isomorphisms 
hold for Y. Then Ker(Nm w ) / 'Ker(Nm w )° = H 1 {Y,Z)j-K )f H l {X,'L) The dual finite group 
C H x iy, M)/iif 1 (y, Z) equals Ker(-K* : Pic°Y — > Pic°X). Let us prove now the second state- 
ment. Let J(X) = V/A. Let B = n*J(Y). We have J(X) = B + P. Let V = V B ®V P be the 
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respective decomposition. Let A B = V B H A, Ap = Vp fl A. If P is the Riemann form of the 
polarization 6, P|a = (v)x> let E B and £p be the restrictions on V B and Vp respectively. 
The sublattices Ap and Ap are primitive and it is a standard fact that A* B /A B = Ap/Ap 
where the duals are taken with respect to E B , Ep. By hypothesis n* : J(Y) —>■ B is an 
isomorphism and by the projection formula (n* X, n* fi) x = d(\,/i)x- Thus Eb\a b is d times 
a unimodular form, so A* B /A B = A* P /A P = {Z/dZ) 29iY \ □ 

Lemma 1.2. Lei 7r : X — > K be a covering of smooth, projective curves of degree d, let 
g(Y) = 1 and let g(X) > 2. Let P = Ker(Nm^ : J(X) -> J(Y))° and Q P = Q\ P be as above. 
Let d 2 = \Hi(Y,Z) : ir*Hi(X, Z)| = |Per 7r* : J{Y) — > J(X)|. TTien 7r may 6e decomposed 
as X —V F 3 F where n 2 is an isogeny of degree d 2 and deg 7Ti = di — -j- . The type of the 
polarization 0p is (1, ... ,1, di). In particular if d is prime then Ker(Nm n : J(X) — > J(Y)) 
is connected and the type of Qp is (1, . . . , 1, d). 

Proof. The decomposition X — * Y -4 Y is clear and furthermore : H\(X,H) — > 
Hi(Y, Z) is surjective. The statements of the lemma follow thus from Lemma f 1.11 □ 

Let Y be an elliptic curve. Let X be a smooth, irreducible, projective curve which is a cover 
7r : X — > K of degree d simply branched at 5 C 7. By Hurwitz' formula ^ = g'(X) = ^ + 1. 
Let iVm T : J(X) — > J(Y) be the induced map of the Jacobians. Then P = Ker(Nm n )° is 
an abelian variety of dimension g — 1 = 4r-A composition of ir with an automorphism of Y 
does not change P C J(X). Counting parameters we see that there are two cases in which 
one might obtain a generic abelian (g — l)-fold with polarization of type (1, . . . , 1, d) by this 
construction. 

Case A. dimP = 2. Here dim A 2 {^,d) = 3. One obtains the same number of moduli by 
fixing Y, varying 4 branch points of simple d-sheeted coverings and subtracting 1 for the 
action of Aut(Y). 

Case B. dimP = 3. Here dim .4.3(1, 1, d) = 6. This number of moduli is obtained by 
varying Y, varying the 6 branch points of simple d-sheeted coverings and subtracting 1 for 
the action of Aut(Y). 

The reader is referred to Corollary 15 .41 for results about the representation of general abelian 
surfaces and general abelian threefolds (with appropriate polarizations) as Prym varieties of 
coverings of elliptic curves. 

2 Hurwitz spaces of triple coverings of elliptic curves 

Let 7r : X —>■ Y be a covering of an elliptic curve Y of degree d. We say that n' : X' — > Y is 
equivalent to 7r if there is an isomorphism / : X — > X' such that 71 = n' o f. We are mainly 
interested in simple ramified coverings. Let R C X be the ramification locus and B G Y be 
the discriminant locus bijective to R. We have j^B = n = 2e. 



5 



Lemma 2.1. Suppose d > 2. Let n = 2e > 2 and let B C Y be a subset of n points. Then 
there exists a simple covering 7i : X Y of degree d branched in B with monodromy group 
S d . 

Proof. Let B = {6 1( . . . , b n } and let yo E Y — B. The fundamental group of Y — B is 
isomorphic to 

ni(Y-B,y ) = (a u . . . , a n , 7, 5 | «i • • • a^S^S' 1 = 1) 

where ojj is a simple loop around 6j. Consider the homomorphism m : 7Ti(y — B,y Q ) — > Sd 
defined by: 

m(ai) = (12), . . . , m(a n ) = (12), 771(7) = (12 . . . d), m{6) = (12 . . . d) _1 . 

Since (12) and (12 . . . d) generate Sd by Riemann's existence theorem m is the monodromy 
homomorphism of a connected simple covering 7r : X — > Y of degree d branched at 5. □ 

2.2. The set of equivalence classes of simple coverings of Y of degree d branched at n > 2 
points is parameterized by the Hurwitz space TCd, n (Y) (see e.g. |Moj ) . The Hurwitz space 
is an etale cover of Y^ — A, where A is the codimension one subvariety consisting of 
nonsimple divisors of degree n. So it is smooth equidimensional of dimension n. We denote 
by p : X —>■ Y x 7id, n {Y) the universal family of simple d-sheeted coverings branched in n 
points. It has the following properties: 

• X is smooth; 

• p : X — » Y xHd,n(Y) is a covering of degree d and the composition 7r 2 op : X — > Hd )n (y) 
is a smooth, proper morphism with connected fibers; 

• for every simple d-sheeted covering tt : X —>■ Y branched in n points there is a unique 
s G 7~Ld, n (Y) such that p s : ^ -> F x {s} is equivalent to 7r : X — >• Y. 

The connection between triple coverings and rank 2 bundles is due to R. Miranda |Mij . 
We recall some basic facts taken from |CE| . Let 7r : X — ► Y be a covering of degree d of 
smooth, projective curves. The Tschirnhausen module of the covering is the quotient sheaf 
E y defined by the exact sequence 

— > o Y tt,o x — > ,e; v — > 0. 

One has i? v = KeriTr^ : n*Ox Oy) and this is a locally free sheaf of rank d — 1. There 
is a canonical embedding i : X — > P(J5) and z*Op(B)(l) — ^x/y — <8> (7r*^y) _1 (see 
|HEj p.448). 

Lemma 2.3. Lei i? 6e i/ie ramification divisor of n : X — > Y '. T/ien degi? = 2degE. 
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Proof. One has x(O x ) = x{^*O x ) = xiPr) ® x(E v ). By Riemann-Roch x(E y ) = 
deg£ v + (d- 1)(1 - g(Y)). Therefore 

l-g{X) = &egE y + d(l-g(Y)). 

The equality 2 deg E = deg R follows thus from Hurwitz' formula. □ 

2.4. Let X — > Y x 7id, n (Y) be the universal family of simple coverings of degree d > 2 
branched in n = 2e points. Let £ v be the corresponding Tschirnhausen module. Let 
A = detS. By Lemma 1231 for every z G Wd )n (Y) one nas deg(-4 2 ) = e - We obtain a 
morphism ft, : ft d>n (Y) -> Pic e Y, = A- Let A G P2c e Y. We let W^(Y) = 

Lemma 2.5. Let d and e be integers such that d > 2, e > 1. Let n = 2e and let A G Pic e Y . 
The following properties hold. 

i. The morphism h : TCd, n (Y) — > Pic e Y is surjective. 

ii. If A' G P*c e Y &en ftd,A(Y) S W M '(Y)- 

m. Wd,yi(Y) smooth, equidimensional of dimension n — 1. 

Proof, (ii). Let a G Pic°Y and let t a : Y" — > y be the corresponding translation. If 
P v is the Tschirnhausen module of 7r : X — > Y then i* P v is the Tschirnhausen module of 
t- a o 7r : X — > Y. So A = det P and if A' = i* A then the mapping [7r : X — > y] i-> [t- a o n : 
X — > y] yields an isomorphism between TCd,A(Y) and ^^'(Y). 

(i) and (iii). Given an element [it : X — > Y] G H.d,n(Y) the translation [t_ a o7T : X — > y] 
with a G Pic°Y belongs to the same connected component of Ti^ n (Y)- Thus the morphism 
h : H.d,n(Y) — > Pic e Y has the property that its restriction on every connected component 
of 7~£d,n(Y) is surjective, so Part (i) holds. Hence every sufficiently general fiber TCd,A(Y) is 
equidimensional of dimension n — 1 and is furthermore smooth [HaJ III. 10.7. Using (ii) we 
conclude that every fiber 7id,A{Y) has these properties. □ 

2.6. If 7r : X — > y is a triple covering of smooth projective curves with Tschirnhausen module 
isomorphic to E v then P(E) is a ruled surface, : P(E) — » Y, and i(X) is a divisor of the 
linear system |Cp(B)(3) £5 <£>*(det P) -1 ]. Hence 7r : X — > Y is uniquely determined by E and 
by an element (77} G PP°(Y, S 3 E® (det P) _1 ). Two equivalent coverings 7r : X — ► Y and 7r' : 
X' — ► Y yield isomorphic Tschirnhausen modules such that (rj) is transformed into (7/) under 
the isomorphism. Conversely, given a rank 2 locally free sheaf E on Y with associated ruled 
surface <£> : P(P) — ► Y any nonsingular, irreducible divisor X G |Op(e)(3) (g) <^*(det P) _1 | 
determines a triple covering it : X — > Y with Tschirnhausen module isomorphic to P v . The 
group PGLy(E) acts faithfully on the set of reduced divisors of |0p(j3)(3) ® <y2*(det P) _1 | 
and the orbit PGLy{E) ■ X corresponds to the equivalence class [X — > Y]. 

2.7. We now consider simple triple branched coverings 7r : X — > Y where Y is elliptic. The 
number of branch points n = #P = #P = 2 degP, n > 2. Let H3, n (Y) be the corresponding 
Hurwitz space. We wish to determine the types of the Tschirnhausen modules of general 
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coverings. We need to bound above the number of moduli of [X — > Y] G Ti.3 tn (Y) with certain 
types of Tschirnhausen modules (Cases 1-5 considered below). We do not need to address 
the question whether such coverings with smooth, irreducible X actually exist. Let us first 
consider the case of decomposable Tschirnhausen modules. Let degE = e, n = 2e, E = 
Lu®Mv where u G T(Y, E®L~ l ), v G T(Y,E®M~ l ). Let a = degL, b = degM, e = a + b. 
we may assume a < b. We have 

(1) S 3 E <g> (det E)- 1 = L 2 M~ x u 3 + Lu 2 v + Muv 2 + M 2 L~ V. 

Hence a global section 77 G H°(Y,S 3 E ® (detE)~ r ) may be decomposed as 77 = au 3 + 
f3u 2 v + 'yuv 2 + 5v 3 . In order that E v is the Tschirnhausen module of the irreducible covering 
71 : X — > Y determined by rj it is necessary that a 7^ and 5^0 (see |Mij p. 1145 or 
HDC] p.266). Hence L 2 > M and M 2 > L. If a < then 6 < 2a < which is absurd. 
Hence a > 1, b > 1, 2a > 6, and 26 > a since 6 > a. We see that if n = 2 and if X is 
irreducible then the Tschirnhausen module is indecomposable. The splitting Q yields 

h°(Y,S 3 E® (detE)~ l ) = (2a - b + e) + a + b + 2b - a = 2e + e 
where e = 1 if L 2 = M and e = otherwise. We have 

dim Aut Y (E) = h°(Y,End(E)) = 2 + h°(Y, LM' 1 ) + h°(Y, ML' 1 ) 
Case 1. a < b, 2a > b. Here L and M may vary independently, so 

# moduli < 2 + h Q (Y 1 S 3 E®(detE)- l )-h Q (Y 1 End(E)) = 2 + 2e - 2 - (b- a) = n - (6- a) 

Case 2. a = b, L ^ M. This case is possible only if n = 0(mod4) since n = 2 (a + 6). Here 

# moduli < 2 + 2e — 2 = n. 

Case 3. a = b, L = M. Here # modwii <l + 2e-4 = n-3. 

Case 4. 2a = 6. Here one has two subcases: L 2 ^ M and L 2 = M. In both subcases 

# moduli < 2 + 2e — 2 — (b — a) = n — (b — a) . 

Recall from jAtj p. 432 that on an elliptic curve for every r > 1 up to isomorphism there is 
a unique indecomposable locally free sheaf F r of rank r and degree with h°(Y,F r ) ^ 0. 
Furthermore any indecomposable locally free sheaf E of degree e and rank r such that r\e is 
isomorphic to L ® F where L is an invertible sheaf of degree -. 

Case 5. The Tschirnhausen module of tt : X — > Y is indecomposable of even degree. Let 
n = 2e, e is even. Let us fix an indecomposable E with degE = e. Let E = L <g> F 2 . We 
have by [At j p. 438 that 

S 3 £ <g> (det E)- 1 = L 3 (g) S 3 F 2 ®L- 2 = L® F A . 

Hence by jH] p.430 

h°(S 3 E ® (det F)- 1 ) = h°(L ® F 4 ) = deg(L ® F 4 ) = 4^ = n. 

One has End Y (E) = F 2 ®F 2 V = F 2 ®F 2 S Fi©F 3 by [AtJ pp.433,437, hence h°{End Y (E)) = 
2. Varying (i.e. L G Pic e ^ 2 Y) we obtain ^moduli < I + n — 2 = n — 1. 
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We need a technical result related to [CE Theorem 3.6. Although we need it only in the 
case of families of elliptic curves we state and prove it for arbitrary dimensions and arbitrary 
algebraically closed base field k of characteristic 0. Let Y be a smooth integral scheme 
over k. We recall from |CE| Definition 3.3 that given a rank 2 locally free sheaf E on Y 
an element 77 G H°(Y, S 3 E (g> (det E) _1 ) is called of right codimension in every y G Y if 
77(77) G (S 3 E (gi (det-E) -1 ) ®o Y k(v) * s nonzero for every y E.Y. Every such rj determines a 
Gorenstein triple covering X rj — > Y, X r] C P(-E) with Tschirnhausen module isomorphic to 
£ v [dj p.449. 

Lemma 2.8. Let q : y —> Z be a smooth proper morphism with connected fibers, where Z 
is smooth. Let £ be a locally free sheaf of rank 2 on y such that h°(y z , S 3 £ z <8> (det £ z )~ l ) is 
independent of z G Z and is ^ 0. Consider the locally free sheaf H = q*(S 3 £ (g> (det £)~ l ) on 
Z . Let f : H — ► Z be the associated vector bundle with fibers M. z = H°(y z , S 3 £ z ® (det £ z )~ 1 ). 
Then the subset H C H consisting off) which satisfy the following three conditions is Zariski 
open in H. 

a. If f(rj) = z then rj is of right codimension for every y G y z . 

b. Assuming (a), if n v : X v — > y z , X v C P{£ z ) is the triple covering determined by r\, 
then X v is smooth and irreducible. 

c. Assuming (a) and (b) the discriminant scheme of n n : X v — > y z is a smooth subscheme 

ofy z . 

Suppose Ho 7^ 0. Consider the base change y' = y x z H and let £' = -n\£. Then there is a 
smooth subscheme X C P{£') and a triple covering p : X —>■ y' such that for every 7] G Ho 
with f(rj) = z the fiber X v — > y' is equivalent to X, q — >• y z . 

Proof. The statement is local with respect to Z so we may assume Z is irreducible. If 
H is empty there is nothing to prove. Suppose H ^ 0. 

Step 1. Let H' be the set of rj G H for which (a) holds. We claim H' is Zariski open in 
H. Consider the incidence correspondence T C P{£) x^i defined as follows. 

T = {(x, 77) 1 77 (x) = where x G P(£) y , 77 G M. z ,y G y z }. 

Consider the projection e : Y — > y x z H, e(x, 77) = (77,77). An element 77 G H 2 fails to be of 
right codimension in y G y z if and only if r)(x) = for Vx G P(£) r Equivalently (77,77) G S 
where S C ^ x^H is the subset of points for which dime -1 (y, 77) > 1. Hence S is closed in 
^x z I. Since properness is preserved under base change the projection of S in H is closed. 
This proves H' is open in H. 

Step 2. Let H" C H' be the set of 77 G H for which both (a) and (b) hold. We claim H" 
is open in H. There is a commutative diagram 

S 3 E® (det E)- 1 




yx z m — ^ — »y 
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where N'(y,T]) = rj(y). Let E H = vr*E. Since vr*(5 3 E <g> (detE)" 1 ) = S 3 E e ® (detEn)- 1 we 
obtain a tautological section N e H°(yx z B., S 3 E m ® (det E H ) _1 ). Restricting to^x z H' we 
obtain a section which is of right codimension for every (y, 77) G y x#H'. By |CEj Theorem 3.4 
one obtains a closed subscheme A" C P(£hk) (= P(^h')) anc ^ a Gorenstein triple covering 
p : X' —>■ y x z M.' whose Tschirnhausen module is isomorphic to £^,. Let / : X' —>■ W be 
the projection morphism. Let f{x) = rj. The point x is nonsingular in the fiber X' if and 
only if 

(i) x is a nonsingular point of X', (ii) T x f : T x .Af' — > T^M' is surjective 
(see e.g. [Mj pp.131, 145). Since / is proper /(Sing X') is closed in HP. Let Hi = H' - 
/(Sing X'). The set of x G / _1 (H / 1 ) where the rank of T x f is not maximal is closed in 
/ _1 (H / 1 ), so again by properness its image in M.[ is closed. The complement of the latter 
in M.[ is the set U consisting of rj G H' for which X' is smooth. Considering the Stein 
factorization we see that all fibers of f~ l (U) — > U have the same number of irreducible 
components. Since by assumption H 7^ and Z is irreducible we conclude that all fibers 
X' 77 G U are irreducible. So the set H" consisting of rj G H for which both (a) and (b) 
hold equals U and is therefore open in W. 

Step 3. We claim H is open in H". Let X" y x z H" be the restriction of X' -> 
y x z H'. Let6c^x z H" be the discriminant subscheme (see e.g. |AK| pp. 123-124). We 
apply to the projection B — > H" the same argument as that in Step 2 to conclude that H is 
open in H". 

This proves H is open in H. If H ± let X -»• y = y x z H be the restriction of 
X' — > y x z H' from Step 2. The last claim of the lemma follows from the functoriality of 
Miranda's construction. □ 

Proposition 2.9. Let n = 2e > 2. There is a Zariski open dense subset of the Hurwitz 
space U C Tl3 t n(Y) such that for every [X — >• Y] G W one /ias 

1. if e = l(mod 2) £/ie Tschirnhausen module E v is indecomposable of degree —e. 

2. if e = 0(mod 2) i/ie Tschirnhausen module E y is isomorphic to L^ 1 © M _1 where 
deg L = deg M = § and L ^ M . 

Proof. We need to prove that in each of the cases 1, 3 and 5 from (|2.7|) either there 
is no triple covering it : X — > Y with Tschirnhausen module of that type or if it exists the 
set of equivalence classes of such coverings is contained in a closed subscheme of 7i3 jn {Y) 
of codimension > 1. We apply Lemma 12.81 with y = Y x Z, q = 712 where Z and E 
are constructed in the various cases as follows. In Case 1 we let Z = Pic a Y x Pic b Y 
and if £ — > Y x Pic a Y and M. — » Y x Pic b Y are the Poincare invertible sheaves we 
let £ = 7r* 2 £ © 7r* 3 .M. Here 7r 12 and 7r 13 are the corresponding projections of Y x Z = 
Y x Pic a Y x Pic b Y. In Case 3 we let Z = Pic a Y and £ = £ © C. Case 4 splits into two 
subcases. When L 2 % M we repeat the construction of Case 1 letting Z C Pic a Y x Pic b Y 
be the open subset Z = {{u,v)\£ 2 u ¥ M v }. In the subcase L 2 = M we let Z = Pic a Y and 
£ = £ © £ 2 . In Case 5 we let Z = Pic e ^ 2 Y and let £ = (vr*F 2 ) © £. Suppose there is a triple 
covering of one of the considered types. Let Hq and X — > Y x Hq be as in Lemma |2~H1 By the 
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universal property of the Hurwitz space there is an associated morphism / : Ho — > 7^3,™ (X)- 
The closure /(Ho) is a closed subscheme of codimension > 1 according to the calculations 
of the number of moduli in the various cases from (J2.7|) . □ 

Theorem 2.10. Let Y be an elliptic curve, let n be a pair integer n = 2e > 2. Let A G 
Pic e Y . If d = 2 or 3 the Hurwitz spaces TCd, n (Y) an d 7~Ld,A{Y) are irreducible. The variety 
T-Lci,a{Y) is rational if d = 2 or if d = 3 and e = l{mod 2) and is unirational if d = 3 and 
e = 0(mod2). 

Proof. According to Lemma 12.51 h : TCd >n {Y) — * Pic e Y is surjective. It has fibers 
TCd,A{Y), A G Pic e Y which are isomorphic to each other. Hence it suffices to prove the 
statements for TCd,A(Y). 

If d = 2 what is claimed is obvious, since a simple double covering 7r : X — > Y such that 
ir*Ox — Oy © A^ 1 is uniquely determined by an element (rj) G FH°(Y, A 2 ) such that div{rj) 
is a simple divisor (see e.g. |Waj ) . If A C FH°(Y, A 2 ) is the closed subset of nonsimple 
divisors one obtains an isomorphism / : FH°(Y, A 2 ) — A — > 7i2,A{Y). 

If d = 3 we have two cases. 

Case 1. e = l(mod 2). According to Atiyah's results |Atj up to isomorphism there is a 
unique indecomposable rank 2 locally free sheaf E onY with deg E = A. By Proposition ^. 91 
and Lemma 12.51 there exist simple triple coverings with Tschirnhausen module isomorphic 
to E v . Applying Lemma 12.81 with Z = {*},£ = E one obtains a covering X —>■ Y x H , 
where Ho is Zariski open nonempty subset of H = H (Y, S 3 E ® (det E)' 1 ) which moreover 
is invariant with respect to the action of C*. Using the universal property of the Hurwitz 
space Ti,3 jn (Y) one obtains a morphism / : PHo — > TI^a^X)- This morphism is dominant 
by Proposition 12.91 It is injective since h°(Y,End(E)) = 1 (cf. |Atj Lemma 22 and (|2.6)) ). 
Hence / H^a(X) is a rational variety. 

Case 2. e = 0(mod 2). Let e = 2a. Let cr : Pic a Y — > Pic a Y be the involution 
L i— > A ® and let : Pic a Y — > P 1 be the quotient map. Let Z C P 1 be the complement 
of the branch locus of //. Consider the double covering lx/j:7x Pic a Y —>■ Y xF 1 . Let £ be 
the Poincare invertible sheaf on Y x Pic a Y and let £ = (1 x /i)*£|y X £. By construction for 
every z G Z one has £ 2 = C z © (A® iZ^ 1 ). We apply Lemma l2~81 with ^ = Y x Z, g = 7r 2 and 
using Proposition 12.91 and Lemma 12.51 we conclude that H is nonempty. Here H is a vector 
bundle over Z and its Zariski open subset Ho is C*-invariant. The family of triple coverings 
X — > Y x Ho yields a morphism / : PHo — > T1.3,a(Y) which is dominant by Proposition 12.91 
Hence H^a(Y) is irreducible and unirational. □ 

Remark 2.11. Graber, Harris and Starr proved in |GHSj the irreducibility of the space 
^ n (y) parameterizing simple coverings with monodromy group Sd for any Y of positive 
genus when n > 2d. This result implies the irreducibility of H 3 ^ n (Y) stated in the above 
theorem when n > 6. 

The proof of the theorem (d = 3, Case 1) shows the following result. 
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Corollary 2.12. Let A G Pic e Y, e = l(mod 2), e > 1, and let E be an indecomposable 
rank 2 locally free sheaf on Y with det E = A. Then a Zariski open nonempty subset 
of the Hurwitz space H.3,a{Y) consists of equivalence classes of coverings [X — ► Y\ with 
Tschirnhausen module isomorphic to E v . 

2.13. So far in this section we considered families of triple coverings of a fixed elliptic curve. 
We now want to vary also the elliptic curve. We need only the case of triple coverings simply 
branched at 6 points and this is the case we work out. We consider a sufficiently general 
pencil of cubic curves in P 2 . Blowing up the nine base points and discarding the singular 
fibers we obtain a smooth family q : y — > Z, Z C P 1 of elliptic curves with 9 sections. Let 
us choose one of the sections and call it D. We construct a rank 2 locally free sheaf on y as 
in [Ha] Ch.V Ex.2. 11.6. Namely, the extensions 



(2) — Oy — T — Oy(D) — 

are parameterized by H 1 ^, Oy(—D)) = H°(Z, L^q^Oyi^—D)) by Leray's spectral sequence. 
The sheaf B}q*Oy(— D) is locally free of rank one by Grauert's theorem. Replacing Z by 
a smaller affine set we may assume R l q*Oy(—D) is trivial. A trivializing section yields an 
extension (J2J) with the property that T z is indecomposable over y z for every z G Z. Let 
£ = T ® Oy(D). By semicontinuity, replacing Z by a smaller open set, we may assume 
h°(y z ,S 3 S z ® (det St)' 1 ) is independent of z. We may now apply Lemma 12.81 If 7i — 
q*(S 3 £ ® (det^) -1 ), if / : H — > Z is the corresponding vector bundle and lo C i the 
open subset that satisfies the three conditions of Lemma f2.8l then Ho 7^ by Corollary 12. 121 
According to that lemma letting P(Hq) = T we obtain a family of triple coverings 



(3) 



Letting 3^r = y x z T one obtains a family of coverings over T: 

x p - >y T 

(4) \ 

T 

In the case of double coverings one has an analogous and simpler construction. Here one lets 
A = Oy(3D), 7i = q*A 2 and T = P(H ). One obtains a family as above with degp = 2. 

Proposition 2.14. Let d = 2 or 3. The constructed family of coverings of degree d has the 
following properties. 

a. Every sufficiently general elliptic curve is isomorphic to a fiber of y — > Z . 
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b. Let z G Z . The fibers X v — > y z with r\ G T, f{rj) = z correspond to a Zariski open 
nonempty subset of the Hurwitz space 7id,A(34) with A = Oy z (3D z ). 

c. T is a rational variety of dimension 6. 

Proof. Part (b) follows from Corollary 12 . 1 21 and Lemma [2.81 The other parts are clear. 

□ 

3 Families of coverings and variations of Hodge struc- 
tures 

We start by recalling some well known facts and fixing notation (cf. |Grj . |GS| . |Kej ). 
3.1. A polarized Hodge structure of weight one is given by the following data. 

i. A free abelian group M of rank 2g. 

ii. A complex subspace U C M c = M © z C such that M c = U © U. 

iii. An integer valued, skew-symmetric, nondegenerate form Q : M x M — > Z whose 
C-bilinear extension Qc satisfies the Riemann relations 

(c) Q c (U,U)=0, 

(c) iQ c {u, u) > for Vw G U, u ^ 

One defines the real Weyl operator C so that it has eigenvalue i on U and — i on U. Given 
such data one may define a polarized abelian variety P(U) = U /ir 0,1 (M). The polarization 
on P(U) is defined by the Hermitian form H' on U such that Im(H') = E' := —Qr. Let us 
check a part of the last statement. If J = — C is the complex structure on Mr = M ®% M 
defined by J(ip + Tp) = —itp + iTp, then 7r 0,1 : (Mr, J) — > U is a C-linear isomorphism. We 
want to verify that E'(Ju), to) > for every nonzero uj G Mr. Indeed, if u; = (p + ^ then 

-Q k (Jlu,uj) = -Qc(-i<p + tip, V +?p) = -(-iQc(<P,<P~) + iQcijP,^)) = 2iQ c {(p,Tp) > 

Example 3.2. Let X be a compact Riemann surface of genus g. Let M = i/ 1 (X, Z),Z7 = 
H 1 '°(X),M C = H\X,C) = H lfi (X) © F ' 1 ^) = C/ © 17 be the Hodge decomposition, 
Q{ip,ij}) = J x (p A tp. Then P(U) = H^ l {X)/^ 1 H 1 {X,Z) = Pic°(X) is polarized by an 
hermitian form H' with E' = Im(H') where E'(tp, if}) = — J x tp A if). 

3.3. Consider a polarized Hodge structure as in ()3.1jl . Let A = M* = Hom%(M,'L). Let 
= {U) 1 - = U*, V = U 1 - = U . The transposed Weyl operator *C has eigenvalues i, —i 
on and V respectively. Consider the corresponding splitting Ac = V © V. The complex 
torus A(U) = V/irv{A) is dual to P{U). Indeed, define a complex structure on A K by 
/ = t C, i.e. I(v +v) = iv — iv. Then the C-linear isomorphism ttv '■ (Ar, I) —> V induces 
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an isomorphism of complex tori Ar/A — > V/7iy(A) = A(U) As we saw above we have 
(Mr, J)/M = P{U). The R-extension of the perfect pairing (, ) : A x M -> Z satisfies 
(Iv, J<f) = (v,(p). Thus A(U) is dual to P{U). Let ui, . . . ,ui g be a C-basis of U and let 
71, . . . , 7 29 a Z-basis of A. Let {7*} be the dual basis of M and let II = (n ap ) be the g x 2g 
period matrix with entries ir ap = (j p , u a ). Then u a = J2 P ^aplp- In matrix form this can be 
written as t (ui, . . . ,u g ) = IT '(7^, . . . , 72 9 )- The matrix II is the period matrix of the torus 
A{U). In Example Owe have A = H 1 (X, Z), V = H lfi (X)*, A{U) = V/n v (A) is the Jacobi 
variety J{X) of X. 

3.4. The material of this paragraph is related to |BL2| . [BL3*T) . Let A be a lattice of rank 2g. 
Let E be a nondegenerate, integer valued, skew-symmetric form on A. Let <fi : Ar — > Ajjj 
be the associated isomorphism v i— > E(v, —). We define a skew-symmetric form E* on Aj|j 
by the equality E = cjfE*, i.e. E(v,w) = E*(<p(v), 4>(w)). We need to multiply E* by an 
integer in order to make it integer- valued on A*. Let A = (a pr7 ) be the matrix of E in a basis 
71, . . .,7 2p of A. Let {7^} be the dual basis of A*, (7 P ,7*) = S pa . Since 0(7 P ) = Yja a p^l 
one has that the matrix of E* in the basis {7*} satisfies A = A A* 1 A. Hence A* = — A~ x . 
Let Ai, . . . , \2 9 be a simplectic basis of A, thus A = ( _° D ® ) where D = diag(di, . . . , d g ) 
with di\di + \ and let e = d g . Then A* = ( ) and hence eA* is with integer entries. 
We see that E = eE* is an integer valued skew-symmetric form on A* with elementary 
divisors (di, . . . , d g ), di = d dg +i . If A = (a pa ) is the matrix of E in the basis {j p } of 

A and if A' 1 = (bcr T ), then —eA^ 1 = (—eb aT ) is the matrix of E in the dual basis 7* of 
A*. Let : AJj — > Ar be the isomorphism associated with E, to 1— > E(u,—). One has 

<!>{l*a) = Er - e ^T7r, SO 

(5) (p o (f) = — e 1, (f> o = — e 1. 



The equality 0*E = e£ and © imply <p*E = 
elementary divisor of E is one obtains (E)~ 
E, d g = e = d g and the following relations hold 



eE, so E* = -E and since the maximal 
= j^E. Thus if di = 1 one has (E)^ = 



(6) (p*E = eE, 0*E = eE 

Let P = C 9 /A be an abelian variety with polarization E = Im H. It is convenient to consider 
C s as the real space Ar and the multiplication by i as a linear operator / : Ar — > Ar with 
I 2 = —1. The Riemann conditions for E are: 

(i) £(A,A)cZ, (ii) E(Iv,Iw) = E(v,w), (iii) E(Iv, v) > for W ^ 0. 
Let P = A^/A* be the dual complex torus. Here the complex structure on A^ is defined 
by J = — t I so that (Iv, Juj) = (v,u). The mapping v 1— > E(v, — ) yields a C-isomorphism 
: (Ar, /) — > (Ajjj, J) and an isogeny <p : P — > P such that </p* = 0. If the polarization is 
defined by an invertible sheaf L on P then (p = (pi where y?(x) = PjfL ® G Pic°P = P 
(see |Kej p. 7). Now the above construction yields a polarization P on P such that the 
polarization mapping <^3 : P — > P satisfies tp o ip = — elp, ip o = —e 1 p. 
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With every simplectic basis {Aj} of A, E(Xi, \ g +j) = diSij, one may associate a normalized 
period matrix (Z, D) of P. Here D = diag(di, . . . , d g ), Z belongs to the Siegel upper half 
space fig and is defined by the equalities [LB] p. 213 

9 1 

(7) Xj = ^ Z ij-T X 9+ii 3 = 9 

i=l Qi 

One has <f>(\j) = djX* + j, (fi(X g+ j) = —diX*, so applying <fi to (J7j) and dividing by dj one 
obtains 

K + , - 1 j-^A-K) - ± (£~\-K) = ± K, (|) " (-A') 

where Z' = eD~ x ZD~ x . Now, let \ = X% g _ i+1 , X g+i = -A*_ m , d { = Z tj = 

Zg-i+i g-j+i- Then •{%} is a simplectic basis of A* for E with elementary divisors (d\ = 
1, g?2j • • • , dg) and the corresponding normalized period matrix of P is (Z,D) where D = 
diag(di, . . . , d g ), and 



Z = S(eD- 1 ZD- 1 )S with 5 



/0 ... 1\ 
... 10 

\i ... o oy 



3.5. Let M, M c = U © U, Q : M x M -> Z be a polarized Hodge structure of weight 
one. Let A = M*, let ^ : Mr — > Ar be the linear isomorphism ^>(m) = Q(m, — ) and let 
Q : A x A — > Z be the dual form as defined in (|3.4|) . Since Qr(Cui, Cuj^) = Qm.(^i, ^2) one 
obtains a C-linear isomorphism ip : (Mr, C) — ► (Ar, — t C). With respect to — t C one has 
the splitting Ac = W © W with eigenvalues i and — i respectively, where W = V = U 1 - and 
W = V = (U) 1 - (cf. (ET3j)). Furthermore (A, A c = WffiTy, Q) is a polarized Hodge structure 
of weight one. We call it the dual polarized Hodge structure of (M, Mc = £/ © U,Q). One 
has P(W) = A(C/), = P(C/). 

We summarize the arguments of ()3.1j) - ()3.5|) in the following statement. 

Proposition 3.6. Let M, M c = U ®U, Q : M x M ^ Z be a polarized Hodge struc- 
ture of weight one. Then one may associate to it a pair of dual abelian varieties A(U) = 
U*/ir u<t (A), P(U) = U/-k^ x {M) with polarizations E, resp. E which have types (d\ = 
1, d 2 , ■ ■ ■ , d g ), resp. (d\ = 1, d 2 , ■ ■ ■ , d g ) where d{ = d g /d g _ i+ i. Furthermore E = —\Q where 
c is the first elementary divisor of Q and E = —Q. In appropriate simplectic bases the nor- 
malized period matrices of A(U) and P{U) are respectively U = (Z,D), II = (Z,D) where 
Z = S(d g D~ 1 ZD~ 1 )S , D = diag(di, . . . ,d g ), D = diag(di, . . . ,d g ) and S is the matrix 
defined in (JHJ). The dual polarized Hodge structure is defined by A = M*, Ac = W © W, Q, 
where W = U ± ,W= (IT) 1 - and one has A(U) = P(W), P(U) = A{W). 
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Example 3.7. Consider A(U) = J(X) from (jSHJ) and Let E : A x A ->• Z be 

the skew-symmetric form i?(7,<5) = — (7, 8)x- Then : A — > A* = M equals <fi = —Dx '■ 
Hi(X, Z) — > H 1 (X, Z), where Dx is the Poincare isomorphism. From the property (7, 5)x = 
J x Dx( , y) A Dx{5) (cf. |GH| Ch.O) one concludes E = E' where E' was defined in Exam- 
ple E21 Hence — ( , )x = E = (E'Y* is the canonical principal polarization of J(X). The 
period gxg matrix Z as defined in (|3.4|) is the same as the classical one. In fact if {A^, Bj}f - =1 
is a standard system of cycles on X, (Ai,Bj) x = Sy, then {Aj = Bi,X g+ j = Aj} is a sim- 
plectic basis for E. Thus if Ui,...,u g is a normalized basis of differentials, J A .Wi = 5ij 

then Zij = fg.uii. The polarized Hodge structure dual to the one of Example 13.21 is 

H 1 (X,Z),H 1 (X,C) = W®W,Q, where W = ^(I) 1 ,?^ ^!) 1 , Q( 7 , 5) = ( 7 ,5) x . 

3.8. Let 7r : X — > K be a covering of smooth projective curves, g(Y) > 1. Then 7r* : 
H l (Y,Z) -> H 1 (X,Z) and *tt* = vr* : H X {X,Z) -> E X {Y,T) induce morphisms of the 
corresponding Hodge structures. We let M = ^(X, Z)/H 1 (X, Z) n ^^(Y, E) with a dual 
lattice A = ATer(7r, : H X {X,Z) -> /Ji(F,Z)). The Hodge structures M c = t/ © Z7 and 
A c = © W are defined respectively by C/ = ^(Xj/Tr*^ 1 '"^), W = i? 1 '°(X) ± n A c . 
The corresponding pair of dual abelian varieties is 

A(U) = Ker(Nm^ : J(X) -> J(F))°, P(U) = Pic°(X)/ir*Pic°(Y). 

Consider the restriction of — ( , )x on A. It is a nondegenerate form as evident from the 
orthogonal decomposition H\(X, M) = Kern* © ir*Hi(Y, R). Dividing it by its smallest 
elementary divisor we obtain a polarization £ : A x A -> Z on ^(^0- The dual form 
E : M x M — >Zisa polarization on P(U), both and have first elementary divisor 
1, have the same exponent and their types are related as in Proposition 13.61 The Hodge 
structures Mc = U @ U and Ac = W © W are polarized respectively by Q = —E and 
Q = -E 

Example 3.9. (i) Let tt : X — * Y be a covering of smooth, projective curves of prime 
degree d, let g(X) > 3, g(Y) = 1. Then by Lemma ll.2l P = Ker(Nm n ) is connected and 
the polarization E induced from J(X) has type (1, . . . , 1, d). hence the dual abelian variety 
P = Pic°(X)/n*Pic°(Y) has dual polarization E of type (1, d, . . . , d). 

(ii) Let tt : X — > Y be a double covering of smooth, projective curves where g(X) = 
7, g(Y) = 3 as in BCVj. Then Ker Nm n is connected and equals the Prym variety P with 
induced polarization E of type (1,2,2,2). Thus the dual variety P = Pic°X/TT*Pic°Y has 
dual polarization E of type (1,1,1,2). 

3.10. We want to adapt the arguments in |Grj pp. 576, 577 to the case of arbitrary polar- 
izations. Let M, Mq — U © U, Q:¥xM->Zbea polarized Hodge structure. Let 
A = M*, A c = W © W, Q be the dual Hodge structure and let -Q = E : A x A -> Z and 
E : M x M — > Z be the associated skew-symmetric forms as defined in Proposition 13.61 Let 
{oo a } be a basis of U, let {\ p } be a simplectic basis of A with respect to E and let n be the 
corresponding period matrix 

(9) W--,^)=n<(At,...,A* fl ). 
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The matrix of E in {A*} is (E(\*, A*)) = ( _ eD -i eD 1 ) where D = diag(d 1 , . . . , d g ). Since 
Q = —cE, c G N, the Riemann relations of ()3.1|) may be written as (a) (E(u a ,upj) = 
0, (b) i{E{uj a ,TDp)) < or equivalently in matrix form for II = (IIi II2) 

<* *> (- U T) ffi) -0. « V)(S;)<°- 

In this form the relations are the same as in [LBJ p. 77. Changing the basis of U by 
. . . , <j>g) = A t (ui, . . . , u; s ) and the simplectic basis of A by (/ii, . . . , /i 2g ) = (Ai, . . . , A 2s )i? 
one obtains an equivalent period matrix II' ~ II, II' = AUR. The same argument as in 
|Grj p. 577 shows that detlli 7^ 0, det n 2 7^ 0, so every IT is equivalent to DU^iHi n 2 ) = 
(ZD) with Z G $) g as follows from Riemann's relations. The matrix R G M 2ff (Z) satisfies the 
equality * R ( _° D £ ) R = ( _° D ^ ) . If we let R = 1 ( \\ ) , then ( » * ) G T D = 5pg(Z) , the group 
defined in |LBj p. 219. Multiplying on the right a normalized period matrix (Z D) by R = 
* (cd) an d then normalizing one obtains iZ' D) where Z' = (aZ + bD)(D~ 1 cZ + D~ 1 dD)~ 1 . 
This is the left action of Yd on Sj g defined in |LBj p. 219. The quotient T^fig is the mod- 
uli space Ad for polarized abelian varieties of type D (ibid). In conclusion one obtains a 
correspondence 

(10) (M. .!/;■ r r.()) ^ Z(modT D )eA D . 

Using the dual polarized Hodge structure (A, A c = ^©W, Q) one obtains similarly another 
correspondence 

(11) (M, M c = U © U, Q) 1 ^ Z(modT D ) eA D . 

Comparing with Proposition 13.61 we see that (jTUjl and (JTTJ) associate to a polarized Hodge 
structure of weight one respectively the isomorphism classes [A(Z7)] G Ad and [P(U)} G A D . 

3.11. Let T be a connected complex manifold. A polarized variation of Hodge structure of 
weight one (VHS) over T is given by the following data. 

i. A flat bundle of rank 2g lattices M — > T. 

ii. A holomorphic rank g subbundle F C Mc such that F © F = Mc- 

iii. A flat skew-symmetric form Q : M x M — ► Z which satisfies fiberwise the Riemann 
relations of (|3.1|) . 

Given a VHS one may consider the dual VHS L = Hom%(M.,Z), L c = G © G, where 
G = (F)^, G = (F)^ and the polarization Q is obtained from Q as described in the beginning 
of (|3.4j) . Dividing by an appropriate negative integer — c one obtains flat, integer valued, 
skew-symmetric forms E = —Q, E = —\Q such that for each sGT the forms E s , E s are 

respectively polarizations of types D = (1, d 2 > • ■ ■ , d g ), D = (1, d 2 , ■ ■ ■ , d g ) of the associated 
complex tori A(¥ s ), P(F S ) as in Proposition 13.61 Let S C T be an open set in the Hausdorff 
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topology over which M and F are trivial. Choosing a frame Ai,...,A2 9 of L|g, a frame 
ui, . . . ,u g of F|g and normalizing the associated period matrices as in (j3.10|) one obtains a 
holomorphic mapping <L>s '■ S — > Passing to the quotient r^Y^ = Ad one obtains a 
holomorphic mapping <L>s '■ S ^ Ad- Covering T with such open sets T = USj and gluing <Z>g 4 
as evident from (jrS.K)j) one obtains the period mapping <L> : T — > Ad. One has <P(s) = [A(F a )]. 
The same argument applied to the dual VHS yields a dual period mapping <P : T — ► A/) 
such that <&(s) = [P(F S )]. This proves part of the following statement. 

Proposition 3.12. Let T be a connected complex manifold and let M, Mc = F © F, Q : 

M x M — > Z be a polarized variation of Hodge structures of weight one. Let D and D 
be the dual polarization types as defined in Then one can define period mappings 

<L> : T — ► Ad and <P : T — > A^ which transform s G T respectively into the isomorphism 
classes of polarized abelian varieties (P(s) = [A(F S )], <£(s) = [P(F S )]. J/T is algebraic, so 
are the period mappings <L> and The mapping <L> is dominant if and only if & is dominant. 

Proof. That <L> and & are algebraic if T is algebraic follows from Borel's extension 
theorem |Boj Theorem 3.10. The last statement follows from comparing the differentials of 
<P and & by means of ©. □ 

3.13. We now consider a family of coverings of curves and associate to it two dual VHS. 
Suppose we are given a commutative diagram of holomorphic mappings 

x p - »y 

(12) 

T 

where T is a connected complex manifold, / and q are smooth, proper of relative dimension 
one and p is surjective. Then we have the standard VHS associated with / and q: M.x = 
R x fJL, Fx C Mx <8> C where Ot(Fx) = fS^ x /T ano - similarly for q. One has a morphism of 
VHS p* : (Hy, Fy) -> {M x ,Fx). Define M,F C M c as follows (cf. 

M = i^Z/i? 1 /*^ n p*B}q*R, T (F) = f^ l x/T /p*q^ y/T . 

We obtain a dual VHS letting L = M*, G = (F) 1 . Let Q : R x fJL x R}f\Z -> i? 2 /*Z = Z 
be the cup-product which is an unimodular polarization of (H^,F^) (cf. Example 13. 2j) . 
According to (J3.5|) we let Q^: HPj^ x HP^ — > Z be the dual polarization. Since M is a quotient 
of the dual L = M* may be embedded in M x . Restricting Q^on L and dividing the 
obtained flat skew-symmetric form by its least elementary divisor one obtains a polarization 
Q:LxL^Z. Its dual Q:MxM^Z polarizes the VHS (M, F). The flat forms E = -Q 
and E = —Q polarize fiberwise respectively the associated complex tori Ker(Nm Ps )° and 
Pic°X s /p*Pic°y s for Vs G T. Applying Proposition 13. 12l we obtain the following result. 
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Proposition 3.14. Let p : X — > y be a covering of smooth T -curves over a smooth connected 
algebraic base T (cf. ()12|) ). Fix o G T and suppose the restriction of the intersection form 
( , )x a on Ker((p )* : Hi(X ,Ij) — > Hi(y o ,Z)) has elementary divisors (m, md,2, ■ ■ ■ , md g ), 
di\di + \. Let D = (1, d 2 , . . . , d g ), D = (1, d 2 , • • • , d g ) where di = d g /d g _ i+ i. Then the period 
mappings <L> : T — > Ad and & : T — > A D given by @(s) = [Ker(Nm Ps )°] and S(s) = 
[Pic X s / p*Pic°y s ] are algebraic morphisms. The morphism <L> is dominant if and only if the 
morphism <P is dominant. If this is the case and if T is unirational, then both Ad and A D 
are unirational varieties. 

Remark 3.15. A recent result of Birkenhake and Lange |BL3l shows that Ad and A D are 
in fact isomorphic to each other. 

Example 3.16. In [BCV j p. 124 it is proved that Ai(l, 2, 2, 2) is unirational considering the 
Prym mapping for a family as in (j!2)l where T is a Zariski open set in |C7pa(4)(— pi — p 2 — 
p 3 — P4I, where Pi, ■ ■ - Pi are general points in P 2 , q : y — ► T is the corresponding family of 
plane quartics and p : X — > y is a suitable double covering. From Proposition 13 . 141 it follows 
that every general abelian variety of dimension four with polarization of the type (1, 1, 1, 2) 
is isomorphic to Pic X s / p*Pic°y s for some s£T and ^4(1, 1, 1, 2) is unirational. The latter 
follows of course from the result of Birkenhake and Lange cited above. 

Question 3.17. Is it true that the moduli space ^4(1, 1, 2, 2) is unirational? 

3.18. We now wish to give a formula for the differential of the period mapping <L> of the VHS 
considered in Proposition 13.141 Let us first consider the general set-up of polarized VHS of 
weight one. Since the problem is local replacing T by a smaller open set S we may restrict 
ourselves to the case where M = M x S is constant and the holomorphic subbundle F C Mc 
is trivial. Let us fix a basis A*, . . . , of M and a frame Ui, . . . ,u g of F. Transposing Q 
we may write 

(^(a),...,^)) = (A*,...,A* fl )*n( S ). 

By the first Riemann relation (j3.1f iii)) every g-plane F(s) C Mc is isotropic with respect to 
Qc- Let us denote by D C Gr(g, Mc) the simplectic grassmanian of isotropic g-planes and let 
D C ID be the open subset of those g-planes satisfying the second Riemann relation |GSj p. 54. 
One obtains a holomorphic mapping <P : S — » D C D, <2>(s) = F(s). Considering g-planes is 
equivalent to taking quotient modulo the equivalence relation *I1 ~ TIM., A G GL(g,C). 
Thus 4> is a coordinate free description of the mapping <L>s '■ S — > $) g considered in (|3.11j) . 

Let U — > D be the tautological vector bundle. The cotangent bundle (TED)* is isomorphic 
to Sym 2 U. Fiberwise this isomorphism is explicitly described as follows. If z — [U C Mc] G 
D the vector G Hom(U, Mc/U) = T z Gr(g, Mc) belongs to the tangent space to D if and 
only if Q((j)(u),v) + Q(u, 4>{y)) = for Vm, v G U. Since Q is skew-symmetric this is equivalent 
to saying that the bilinear form q<f,(u, v) = Q(<f)(u),v) is symmetric. Considering the trilinear 
form 

(13) TDxUxU^C, ((f),u,v)^Q((f)(u),v) 
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yields the isomorphisms 

TB^Sym 2 V*, <\> i-> q+, q<t> {u,v) = Q(0(«),v) 
Sym 2 U ^ (T©)*, (0,«®v) = Q(0(«),v). 



Consider the period mapping <P : 5 — > 6. Let s 6 S. The differential of <5 at s G S 1 yields a 
trilinear form 

(15) T S S x F{s) x F(s) — > C, (J^,^) = Q(d<P (J-j K),u; 2 ). 
From (|14j) one obtains a formula for t d^>{s): 

(16) *d<P(s) : Sym 2 F( S ) — > (T S S)*, ( J^'t^i • w 2 )) = Q(d$ (J-^j M,^), 

where • denotes the product in the symmetric algebra induced from ®. 

3.19. Let us apply the above to the VHS associated with a surjective holomorphic mapping 
p : X — > y of smooth families of curves over T as in ([3. 13)1 . Let so G T and let X = 
X so , Y = y so , -n = p SQ . We may replace T by a smaller neighborhood £ of sq such that / : 
X — > S 1 and g : ^ - ^ 5 1 are C^-trivial fibrations and all bundles occurring in the constructions 
of ()3.13j) are trivial (in the corresponding category). Abusing notation let us denote by 7r* 
both the homomorphism 7T* : Hi (X, Z) — > ifi ( Y, Z) and the Gysin homomorphism Dy o 
7T* o Z)^ 1 : if 1 (X, Z) — > H 1 {Y,'L), where -Dx, -Dy are the Poincare isomorphisms. Let ( )~ 
denote the kernel of ?r* on the corresponding object. The Gysin homomorphism preserves 
the Hodge type and coincides with the trace map Tr Ps on H 1,0 (X S ) = H°(X s ,Q Xg ) . We 
thus obtain a VHS as follows: W = Hi(X, C)~ , M! = M' x S, ¥~ = M' c n F* = Ker(ir* : 
F^ — ► Fy). Notice that for the Weyl operators one has D x ° (— t Cx s ) = Cx a ° Dx, thus 
D x (Hx(X,Z)-) = H\X,Z)-, D X (G) = F~ D X (G) = T (cf. (JSH). Let Q~ be the 
restriction of Q on M'. Thus Q~ is the constant skew- symmetric form induced from 



(17) Q-faM) 



/ uji A uj 2 , where Ui, uj 2 G ^(X, Z) 



The canonical homomorphism j : if 1 (X, Z)~ — > H 1 (X, Z)/ir*H l (Y, Z) of lattices of equal 
rank has kernel and induces a morphism of VHS (M', F') — > (M, F). We wish to compare 
the polarization Q on (M, F) as defined in ()3.13|) with Q~ from (|17j). 

Lemma 3.20. Suppose the restriction of the intersection form ( , ) x on Hi(X,Z)~ has 
elementary divisors (m, md 2 , . . . , md g ), di\di + \. Then j*Q = md g Q~ 

Proof. Using the notation of ()3.8|) and ()3.13|) we have A = Hi(X, Z)~, ( , )x|a = —mE. 
The homomorphism ip : A — > A* = M is given by (5, <£>(A)) = -E(A, 5) and one has 

<p*(Q) = (p*(—E) = <p*(-d B E*) = -d g E = ^( , ) X \ A . 
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On the other hand the Poincare isomorphism Dx '■ Hi(X,1t) — > H X (X, Z) transforms A = 
Hi(X,Z)~ onto H 1 (X,Z)~ and one has D X (Q~) = ( , )x|a- Consider the composition 
mapping 

</?' : A — > H X (X,Z) ^ H\X,Z) H 1 (X,Z)/tt*H 1 (Y,Z). 
One has for every A, 5 G A 

(<W(A)> = (S,D X (X)) = (X,6) x = -mE{\,6) = (6, -m<p(X)). 

Hence <p' = —rnip and (ip')*(Q) = m 2 ip*{Q) = md g ( , )x|a- Comparing the equality D* x o 
f{Q) = (<p')*(Q) = md g ( , ) x \a with D X (Q~) = ( , ) x |a we conclude that f(Q) = 
md g (Q-). □ 

We conclude from the lemma that via the isomorphism j : M' c — Mc the mapping <L> : 
S — > O C D associated with the polarized VHS (M, F, Q) may be identified with the 
mapping associated with (M', F', Q~). Via this identification D is the simplectic grassmanian 
of g-planes in C)~ isotropic with respect to (^1? ^2) = jx Ul ^ U2 an< ^ = 

H°{x a ,n x ,)-. 

Proposition 3.21. Let p : X — > y be a surjective holomorphic mapping of smooth families 
of curves over T as in (jl2j) . Let (M, F, Q) be the polarized variation of Hodge structures 
defined in fT73j) . Let s G T, X = X SQ Y = y so , vr = p So and let H°(X, n x )' = Ker(Tr n : 
H°(X,Qx) — * H°(Y,Qy))- Let S be a small neighborhood of sq as in and let <L> : 

S — > D C D be the local period mapping. Let p : T SQ S — > H l (X,Tx) be the Kodaira- Spencer 
mapping. Then the differential of at s is given by the following formula, where ( , ) is 
the Serre duality pairing (in the next formula uj\ ■ LO2 denotes the product in the symmetric 
algebra, while uj\uj<i is a quadratic differential). 



<efeP(s ) : Sym 2 H°(X, Sl x )~ — > (T So S)*, (—, ■ w 2 )> = (p(— ) , u x lo 2 ) 

or or 

Proof. Let G T^S* and let Z C 5 be a smooth, complex analytic curve tangent to at 
s . The restricted family X z Z yields the standard VHS if 1 ' ^) C i^pf, C), uE Z. 
By |Orj p. 816 the differential of the period mapping of this VHS transforms into an element 
of Hom(H 1 '°(X), H 0,1 (X)) given by the cup-product to 1— > (i.e. U composed with 

contraction). From the splitting 

H 1,0 (X U ) = H lfi (X u )- ®n*H lfi (y u ) C H\X,Cy ®7T*H\Y,C) 

one concludes that d^(-^p) = G Hom(H 1,0 (X)~ , H 0,1 (X)~) is given as well by the cup 
product: 4>{oj) = p(-§p) Applying (JTfiJl we have that for Vc<Ji,u;2 G H°(X, ujx) 

(-^-, *d<P(wi -u; 2 )) = Q-(^(wi),wij) = y Ao; 2 . 
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We may replace in this integral p(-§p) ° toi by v ' 1 A u>i, where v ' 1 G H^{Tx) is a Dolbeault 
representative of p(-§f)- The new integrand (v 0,1 A co>i) A W2 is a (1, 1) form which is given 
locally by 

8 

((a—®dz)/\bdz)/\cdz = abdzAcdz = abcdzAdz. 
oz 

Locally u)\U)2 = bc(dz) 2 , so (f ' 1 A uji) A u 2 equals f ' 1 A (uiUz). Integrating this (1, 1) form 
we obtain by the definition of Serre's duality the required formula for f d$. □ 



4 Local study of the Prym mapping 

4.1. Let Y be a smooth, projective curve of genus > and let ir : X —>■ Y be a simple covering 
of degree d > 2 branched in n points B = {b\, . . . , b n }. Let yo £ Y — B and let A, be a small 
open disk centered at bi, % — 1, . . . , n. Fixing the monodromy m : 7Ti(Y— UiLi Vo) — > •S'd 
and varying the branch points in Aj one obtains a family of <i-sheeted coverings f):X—> 
Y x H where H — Aj x • • • x A n . Let be local coordinates of Y in Aj satisfying Wi(bi) = 0. 
We define coordinates t = (ti, . . . , t n ) in H by U(yi, . . . , yi, . . . , y n ) = Wi(yi). At points of 
ramification which project to Aj the mapping \P is given by Wi = ^(z^t) = zf + U and 
!{zi.t)-t. 

4.2. Suppose first S'(F) = 1. Choose a point c ^ . . . ,b n , yo} and a small disk D centered 
at c. Let 7r _1 (D) = Z?i U . . . U be a disjoint union of disks biholomorphically equivalent to 
D. Let Xj = 7r _1 (c) flDj. Let v be a local coordinate in D with t> (c) = 0. Let «j = ■K*{y)\r) i be 
the corresponding local coordinates in Di. We consider a Schiffer variation of Y (we follow 
here |ACGH| Vol. II). Namely paste together A x A := {( : \(\ < e} x {s : |s| < r} with 
(Y — {v : |f | < |}) x A by means of £ = t> + - . Here < e < 1 and r depends on e. One 
obtains a family g : y — > N = A with y o = Y. Performing the corresponding pastings by 
means of 

(18) ( i = Ui + — at all A 

Mj 

and varying the branch points as in the preceding paragraph one obtains a smooth proper 
mapping / : X —>■ N x H and a holomorphic mapping p : X — > ^ which fit into a 
commutative diagram 

(19) / q 

N x H — V 

If g(Y) > 2 one chooses m = 3g(Y) — 3 general points ci, . . . , c m on Y which impose inde- 
pendent conditions on H°(Y, to® 2 ), one repeats the same pasting procedure simultaneously 
at Cj, i = 1, . . . ,m and obtains a family q : y — > N = A m with y o = Y. In both cases, 
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g(Y) = 1 or g(Y) > 2, q : y — > N = A m is a minimal versal deformation of Y since 
the Kodaira-Spencer mapping p : T N — > H 1 (Y,Ty) is an isomorphism |KSj . Similarly to 
the above one obtains a holomorphic mapping p : X ^ y and a smooth, proper mapping 
f : X —> N x H which fit into a commutative diagram as in The constructed family of 
coverings is versal for deformations of ix : X —>■ Y as shows the following proposition. 

Proposition 4.3. Let n : X — > K fre a covering of a smooth, projective curve of genus 
g(Y) > 1 simply branched in B C Y . Let 

x' -^y 



be a commutative diagram of holomorphic mappings of complex manifolds, where f and q' 
are proper, smooth and surjective, p' is finite and surjective, and there is a point sq G T 
such that the covering p' SQ : X' SQ — > y' h ( So ) is isomorphic to n : X — > Y . Then there exist 
neighborhoods S and V with s G S C T, h(s ) G V C Z , h(S) C V and holomorphic 
mappings p and v which fit into the commutative diagram 



S 



V 



N x H — — • 

such that the restricted family of coverings p' 
covering (fTTJj) 



N 



X' s 



y' v is the pull-back via p, v of the 



Proof. As mentioned above the existence of V 3 h(so) and a holomorphic mapping 
v : V —> N such that y' v = y x ^ V follows from Kodaira-Spencer's theorem of completeness 
KS . We may replace T by and /' : X' — > T by the corresponding restriction. We 

then obtain a deformation into the family q : y — > N as defined in jHo2j § 5: 



X' 



(20) 



/' 



uoh 



y 



N 



An easy calculation 



which uses |Ho2j Lemma 5.1 shows that the characteristic map 



r : Tr 0) B)N x H — > Dx/y of the deformation (j!9|) is an isomorphism. Therefore by Horikawa's 
theorem of completeness |Ho2j Theorem 5.2 there is a neighborhood S of Sq G T and a holo- 
morphic mapping p : S — > x H such that the restriction of (|2(Jj) on S is isomorphic to the 
pull-back of (fTU|) by p. This proves the proposition. □ 
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Let Y be a curve of genus g > and let tt : X — > Y be a simple covering of degree d > 2 
with n > 2 branch points. Let C — > M, C Q = X be a minimal versal deformation of X. 
Let /) : X — ► Y x if be the (local Hurwitz) family considered in (j4.1j) . Shrinking i7 if 
necessary, there is a holomorphic mapping h : H ^ M such that / : X — > is the pull-back 
of C — > M via /i. 

Proposition 4.4. Lei 7r : X —>■ Y be as above, let B = {b±, . . . , b n } CY be the branch locus 
and let R = {ax,...,a n } C X, 7r(aj) = h be the ramification locus. Let Wi, uiiipi) = 
be local coordinates of Y at bi, i = l,...,n and let t = (ti, . . . ,t n ) be the corresponding 
coordinates of H as defined in fl^.i| ). Then the transpose of the differential of h 



tjo 

i=l 



\dh) : H (X,u 2 x ) = (T M)* — > (T B H)* ^Q)C(dt 
is given by the formula 

n 

(21) <p » 2 nV^^Res ai -^-(dt i 



1 Tl*dWi 



Proof. We are in the situation considered by Horikawa in [Hoi . At the ramification 
points of /) : X — > Y x H the mapping \P : X — > Y is given by (cf. (pTT]) ) iy» = ^(z i; t) = 
+ tj. Consider as in |Holj the sequence 



— ► T x vr*T y — > T — ► 0. 

Here T is a skyscraper sheaf (non-canonically) isomorphic to ©™ =1 C ai . Then Horikawa's 
characteristic mapping r : TbH — > H°(X,T) is given by 

r W = Q^ mod MTx)a t e C at c ® n k=1 C ak . 
Consider the exact cohomology sequence 

— > #°(X, T x ) — > #°(X, vr*T y ) — > H°{X, T) -U H\X, T x ). 

The Kodaira-Spencer mapping equals the composition p = 5 o r |Holj p. 376. In order to 
prove (|21jl it suffices to verify that for every ip E H°(X, t<jf 2 ) aric ^ every i = 1, . . . , n for the 
Serre duality pairing one has 

(22) (p(,-) , <p) = 27rV=T Res a / r 1 



For every z = 1, . . . , n let C/j be a small disc containing a, with local coordinate Zj, Zj(aj) = 0, 
such that 7r(C/j) C A; and such that ti is locally given by u>j = z 2 2 . Let Uq = X — R. Consider 
the Stein covering it = {U , U\, . . . , U n }. By the definition of t(^t) it is immediate that 
^(^) = ^( r (Jr)) is S iven by a l-cochain {£ a/3 } G C^il,!*), such that £ i0 = ^ ^ = ~&>i 
while the other £ Q/g = 0. Let 99 = /;(:,)((/ :,)- in Then £ i0 • V 9 = 2^~dzi = ^f^r- A 
calculation similar to the one in [ACGH pp. 14,15 shows (|22|). □ 
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Corollary 4.5. Let the hypothesis be as in Proposition Then the annihilator of dh(TBH) 
in (T Q M)* equals H°(X,ujf(-R)) 

Remark 4.6. When Y = P 1 this result was proved by Donagi and Green by a different 
argument |DSj Appendix. 



Let us consider now the case of a simple branched covering tc : X — ► Y of degree d where 
9(Y) > 1- Let q : y — > N be the minimal versal deformation of Y constructed by Schiffer 
variations at non-branched points of Y (cf. (|4.2jl ) and let us consider the deformation (|19J) . 
Let C — > M, C G = X be a minimal versal deformation of X. Shrinking N and H if 
necessary, there exists a holomorphic mapping h : N x if — > M such that f : X —* N x H 
is the pull-back of C — > M via /i. 

Proposition 4.7. Let 7r : X — ► K fre as above, let B = {bi,...,b n } G Y be the branch 
locus and let R = {a 1; . . . ,a n } C X, 7r(aj) = 6j fre i/ie ramification locus. Let m = 1 if 
g(Y) = 1 and let m = 3g(Y) — 3 if g(Y) > 2. Let c\,...,c m be general points in Y and let 
7r _1 (cj) = {xn, . . . ,Xid}- Let Vi be local coordinates at Ci, i = 1, . . . ,m and let Wj be local 
coordinates at bj, j = 1, . . . , n. Then the transpose of the differential of h 

l dh : H°(X,ujf) — ► {T (o , B) N x M)* = (®T =1 C(ds i ) )®((B] = Mdt J )o) 
is determined by the following formulas 



d 



(23) *d%>)> = 2nV^lJ2 T 



'OSi' 7 ^ TT*(dVi 

9 tji.,..\\ o_ r~r H> 



(24) (jL. *dh{<p)) = 2TrV=lRes a ,^ 

Proof. The second formula was proved in Proposition 14.41 We give the proof of the first 
one in the case g(Y) = 1. The case g{Y) > 2 is similar. Using the notation of (|4.2j) we 
consider the Stein covering of X, X = D U D\ U . . . U D^, where D = X — 7T~ 1 (a). The 
Kodaira- Spencer class [9] = G H l (X,T x ) of the deformation of X defined by (fTSjl. the 

branch points remaining fixed, is given by the 1-cocycle 9 i0 = —9 0i = € H°(DinD , T x ) 
for i > 1 and 9%j = for i,j > 1. Let ip G H°(X,cu x a ) and let = fi(dui) 2 in Dj. Then 
#io • V 9 = ^f-dui. Thus Res Xi (9 i0 ■ <p) = /i(0) = ^^p- (^)- Using a calculation similar to 
the one in [ACGHj pp. 14, 15 one obtains for the Serre duality pairing 

d 



m,<P) = 2-v^r$:-^(x fc ) 



TT*(dv) 



□ 



4.8. Let 7i : X — > Y be a simple branched covering of degree d > 2 where K is a smooth 
projective curve of genus g(Y) > 1. Consider the deformation (|TU|) of the covering 7r as 



25 



described at the end of ([4.2)1 . Let S = N x H and let q' : y' — > S be the pullback of the 
family q : y — > N via tti : 5 — > AT. We obtain a commutative triangle as in ()12|1 : 

x - >y 




s 

By (|3.13|) one associates to it a polarized VHS (M, F, Q). Shrinking N and H if necessary 
one may define a lifting of the period mapping <& : S — > D C D as in (|3.18|) and furthermore 
this mapping may be identified with the local period mapping associated with the polarized 
VHS (M', F, Q~) as in flTTTT^ and Lemma ET2U1 Let s = (o, B) be the reference point of 
S = N x H. 

Proposition 4.9. Using the notation of Proposition \4 ■ 7| one has the following formula for 
the differential of <P at sq: 

*d«P(so) : Sym 2 H (X,u x )- — > (©^C^),,) © (©J =1 C(^) ) . 

For every ui,u 2 G H (X,Ux)~ it holds 

(25) (A , 'd^c* ■ Wa )) = 27r>/=TX)-^^( a ^) 



(26) (J-,.^.^)) = W^IB^^L 

Proof. One applies Proposition 13.211 with ^ = ^- or That (p(-§p) , ^1^2) equals 
the right-hand side of (|25|) and (|2(jj) in the respective cases follows from the proofs of Propo- 
sition and Proposition 14.41 □ 

4.10. We now restrict ourselves to the case of coverings of elliptic curves tt : X — > Y with 
g = g(X) > 3 and first we consider deformations of tt : X — > Y with fixed Y. Consider 
the canonical map (fix '■ X — > F 9 ^ 1 = \ljx\*- The space H°{ujx)~ == {oj | Tr 7r (c<j) = 
0} is a hyperplane in H°(ujx) since g(F) = 1. It defines a point q~ G P 9 ^ 1 with the 
property that the differentials u G H°(ujx)~ define hyperplanes in ps 1-1 containing g~. Let 
a G H°(Y, ujy), a / 0. Let if a C P 9_1 be the hyperplane in P^ -1 which corresponds to 
ir*a G H (ux). Clearly div(ir*a) = R = <f)* K (H a ). 

Lemma 4.11. Let tt : X — > F fre a covering of an elliptic curve of degree d > 2. Then 
q- £ H a 

Proof. Tr n (TT*a) = da 7^ 0, hence by definition q~ ^ H a . □ 

Let 7r : X — > Y be a simple covering of an elliptic curve of degree d > 2 branched at B C F 
where g = <7pf) > 3. Consider the deformation f):X—*YxH defined in ()4.1|) . Let 
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(py '■ H — > B = $) g -i be the period mapping corresponding to the variation H l,0 (X s )~ C 
H l (X, C)~, s & H (cf. f)3.19|l ). Clearly the mapping $y is invariant with respect to the 
action of the germ of AutiY) at id. So dim Ker cI<Py{so) > 1 where s = B e H. 

Proposition 4.12. Let n : X — > K 6e a simple covering of an elliptic curve. Suppose X is 
not hyperelliptic and g{X) > 3. Then dim Ker d<pY(so) = 1. In particular if g(X) = 3, then 
d4>Y{so) is an epimorphism, and if g(X) = 4 i/ie image cMy (Tgif) is a hyper surf ace in TjjD 
where II = @(s ). 

Proof. We identify X with its image (j) K {X) C P 9 " 1 . Then H a n X = R where i? 
is the ramification divisor of it : X — > K and the span (72) = H a . By f!26j) the an- 
nihilator of d^YiTsH) equals the subspace of S 2 H°( y ux)~ consisting of elements which 
vanish in R. Identifying H°(ux) with H°(F 9 ~ 1 , Cp 9 -i(l)) we consider the restriction map 
r : S 2 H°(ujx)~ — > H°(H a , 0^(2)). This is an isomorphism since both spaces have the same 
dimension and the kernel is 0. Indeed any element of the kernel corresponds to a reducible 
quadric H'UH a with center H'nH a . The quadrics of \S 2 H°(u x )~\ are singular and contain 
q~ in their center. By Lemma [4.111 q~ H m thus no quadric of the type H' U H a could 
belong to \S 2 H°(lu x )-\. We conclude that #er*d$y(s ) = H (H a ,O Ha (2) ® J fl ) where Jr 
is the ideal sheaf of i? C Hq,. 

Let <?(X) = 3. Then X C P 2 is a quartic and if a is a line intersecting X in 4 distinct 
points. Here H (H a ,O Ha (2) <g> J fl ) £ ff^P 1 , O p i(-2)) = 0. Thus d$ Y (s ) is epimorphic 
with kernel of dimension 1 since dim H = 4, dimO = 3. 

Suppose g(X) > 4. The restriction mapping 

H°(F 9 ~\ Op 9 -i(2) ® Jx) — > #°(#a, Hq (2) ® J R ) 

is an isomorphism (see the proof of jEj Lemma 2.10). Therefore h°(H a , 0# a (2) <g> Jr) = 
(g-2)( g -3) ^ We conclude that 

dim^ y (T B if) = ^- 1) ^-^- 2) ^- 3) = 2,-3. 

By Hurwitz' formula 2g — 2 = n + c?(2g(y) — 2) = n = dim ff. Hence dim Ker cMy(so) = 1- 
□ 

Remark 4.13. If X is hyperelliptic, then similar calculation shows that dim d^yiTsH) = 
g — 1. Hence dim Xer <i<Py(so) = g — 1 > 2 for g > 3. The next proposition shows that if 
n > 4 and if [X — ► y] e Hd in (F) is sufficiently general, then the curve X is not hyperelliptic. 

Proposition 4.14. Let d > 2, n = 2e > 4. Then the locus of points [X — > Y] in 7id,n{Y) 
with hyperelliptic X is contained in a closed subset of7id,n(Y) of codimension > | — 1 

Proof. Suppose ir : X — > F is a covering of degree d simply branched in n points such 
that X is hyperelliptic. Let \x : X — > P 1 be the corresponding covering of degree 2. Consider 
f = (//, tt) : X — > P 1 x Y . Let i^(X) = X'. The morphism z/ : X — > X' is birational. Indeed, 
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since /i = tx\ o u, the other possibility would be degu = 2,X' = P 1 . This is however absurd, 
since t\2 : X' — > K is an epimorphism. The curve X' belongs to |7r*Opi(d) ® tt^I f° r some 
invertible sheaf L G Pzc 2 F. Let 9? = <p L : F ->• P 1 and let C = (1 x C P 1 x P 1 . The 

curve C is irreducible and belongs to |Opi x pi(c?, 1)|, hence it is isomorphic to P 1 . We obtain 
that the covering it : X — > Y fits into a commutative diagram 

X — ^ X' ► Y 

(27) 

" X c? P 1 

where : C — > P 1 is a morphism of degree d. Conversely, given <p : Y — > P 1 of degree 2 and 
■0 : C — ► P 1 of degree d one defines X' = C x P i y. Normalizing X' one obtains 7r : X — > F 
such that X is hyperelliptic. Composing in ()27|) with an automorphism r : P 1 — ► P 1 does not 
change the equivalence class of tc : X —>■ Y. Thus we may suppose the discriminant locus of 
(p is a fixed set 5^ = {0, 1, A, 00} where A is determined by the j-invariant of Y up to a finite 
number of choices |Haj Ch.IV§ 4. If c € P 1 — is a branch point of ip, then the two points 
(/? _1 (c) are branch points of ir. One concludes firstly that all branch points of ip contained 
in P 1 — Bp are simple and secondly ^{B^ — B v ) < |. Families of coverings 7r : X — > K that 
fit into the diagram (j2Tj) are constructed by: (a) considering Hurwitz spaces of coverings 
t/> : C — > P 1 where deg0 = d, C = P 1 , and the branch points of ip belonging to P 1 — B 9 
are simple, (b) composing the morphisms in the diagram (|27|) with an automorphism of Y. 
The dimensions of the possible Hurwitz spaces of (a) are < |. Hence the equivalence classes 
of coverings [X — > Y] with hyperelliptic X are contained in a closed subset of Tld,n{Y) of 
dimension < | + 1. □ 

The next lemma follows from the proof of Proposition 14. 121 Abusing notation we will not dis- 
tinguish between S m H°(X,uj x ) and ^(P^ 1 , P9 -i(m)). We denote by S 2 H°(X, u x y (-R) 
the space of elements of S 2 H°(X, ojx)~ which vanish on the ramification locus R. 



Lemma 4.15. Let the assumptions be as in Proposition 4-l 6 A Let g(X) > 4. Then for every 



F e #°(Pf-\ C P9 -i(2) <g> J x ) there is a unique element F~ e S 2 H°(X 1 u x ) (-R) such that 

F~ = lu ■ ir*a + F 

for some to G H°(X,uj x ) . The mapping F 1— > F~ yields a linear isomorphism between 
H (P3-\O P3 -i(2) (8) J x ) and S 2 H°(X,u x )~ (-R). 

We now consider the deformation (J 19)) of 71 : X — > Y. Let <& : X x H — > D be the 
period mapping defined in (|4.8|) . We want to calculate Kerd(p(s ) where s = (o, B). Since 
^|{o}xff = $y this kernel has dimension > 1. 

Proposition 4.16. Let 71 : X — > Y be a simple covering of an elliptic curve. Suppose X is 
not hyperelliptic and g{X) > 4. Then dimXer d4>(so) = 1 if and only if the point q~ G P 9 ^ 1 
which corresponds to H°(uj x )~ does not belong to the intersection of quadrics which contain 

MX). 
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Proof. Identify X with <f>x{X) C P 9 1 . Let c6F and let v be a local coordinate as in 
JOJ). Let 7r _1 (c) = {xi, . . . ,x d }. Let m : S 2 H°(X, uj x ) -> #°pf,u/f 2 ) be the multiplication 
map. By Proposition 14. 12| and Proposition 14. 91 one has dimmer d<P(so) = 1 if and only if the 
linear functional A on S 2 H°(X, uj x ) (-R) defined by 

k=i K ' 

is not identically zero. For every F~ we have by Lemma 14.151 the representation F~ = 
uj ■ n*a + F where F G H°(¥ 9 ~\ O pg -x(2) ® J x ). It is clear that 

Since Tr n (uj) = const a we conclude that \(F~) = if and only if Tr n (uj) = 0, i.e. iff 
uj G H°(X, ujx) ~, or equivalently iff the linear form of iJ°(P 9_1 , 0p 9 -i(l)) corresponding to 
uj vanishes in q~ . 

Suppose there is a quadric Q C P 9_1 given by an equation F = such that Q D X and 
g~ ^ Q. Let F~ = uj ■ ir*a + F be the element in S 2 H°(X, ujx) (-R) corresponding to F as 
in Lemma [4.151 Since q~ belongs to the center of the quadric {F~ = 0} the form u cannot 
belong to H°(X, uj x )~, thus X(F~) ^0. 

Conversely, let X(F~) ^ for some F~ G S 2 H°(uj x y (-R). Let F~ = uj ■ ir*a + F be the 
representation of Lemma f4. 151 By Lemma f4. Ill and the argument above the linear forms of 
iif (P 9_1 , Ops-i(l)) which correspond to uj and ir*a do not vanish in q~ . Since q~ belongs to 
the center of {F~ = 0} we conclude that F does not vanish in q~ . □ 

Corollary 4.17. Let X C P 3 be a canonical curve which is a simple covering of an elliptic 
curve 7r : X — > Y . Let Q be the unique quadric in P 3 which contains X and let q~ G P 3 
be the point corresponding to the hyperplane of holomorphic differentials with trace 0. Let 
<L> : N x H — ► D = ^3 be the period mapping defined in M-Sj) . Then the differential d(p(so) 
at the point corresponding to 71 : X — > Y is surjective if and only if q~ Q. 

Proposition 4.18. Let 71 : X — > Y be a covering of an elliptic curve of degree d = 2. 
Suppose X is not hyperelliptic and g(X) > 4. Let <L> : iV x H — » D = $) g -i be the mapping 
°f obtained by the periods of the Prym differentials. Then dimmer d<P(so) = 1. In 

particular if g(X) = 4 then d<P(so) is surjective. 

Proof. X is a bi-elliptic curve and it is well-known that 4>k{X) lies on a normal elliptic 
cone C of degree g — 1 (cf. |ACGHj p. 269). The vertex of the cone is exactly the point q~ 
defined in (14.10)1 . One has q~ ^ X, the projection from the vertex maps X into Y C P 9-2 
and this projection coincides with ix. Every quadric Q which contains X U {q~} should 
contain C as well since the generators of C are secants of X. By Enriques-Babbage theorem 
Hq d xQ equals either X or a surface of degree g — 2. Since degC = g — 1 we conclude there 
is a quadric Q which contains X and does not contain q~ so that Proposition 14.161 may be 
applied. □ 
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4.19. We now consider the deformation (j!9|) in the case of triple covers of genus 4 and we 
wish to prove that the differential of the period mapping <P : N x H — > D = fj 3 is surjective 
for [X — ► Y) belonging to a dense open subset of T~tz$(Y). Applying Corollary 14.171 and 
using the irreducibility of the Hurwitz spaces (Y) proved in Theorem 12. 101 it suffices to 
construct a single tt : X — > Y with non-hyperelliptic X such that q~ Q. We do not know 
explicit examples of triple covers of genus 4 which satisfy this condition. For example our 
calculations show that in the case of cyclic triple covers one has in fact q~ E Q. We resolve 
the problem by considering singular curves and smoothing. 

Let Y be a fixed elliptic curve and let B' = {bx, 6 2 , ^3} C Y. Let C\ = Y, let px : C\ — > Y 
be the identity mapping and let x% = Px (bi). Let P2 : C 2 — > Y be an isogeny of degree 2. 
Let P2 = {yi,Ui}- We consider the following triple covering of F: 

(29) X' = Cx U C 2 / {x, ~ yi } 3 i=1 , = Pi U P2 : X' -> K 

The regular differentials of X' are of the form uj = (ujx^uji) where u>x E H°(Cx,flc 1 (J2 x i))^ 
0J2 E H°(C2, fic 2 (E2/«)) an d Res Xi ux + Res yi U2 = for Vz = 1, 2, 3. In order to describe the 
canonical image 4>k(X') we proceed as follows. We have embeddings 4>i — ' ^i P? 

and 02 = : C2 ^ P2 sucn that E] x * an d are respectively pull-backs of the lines 

ix and £2- There is a unique projective linear mapping of ix into I2 that transforms x% into 
Identifying ix with £ 2 along this transformation we obtain a reducible quadric 

Q = Fj U P*/4 ~ £ 2 = # x U H 2 C P 3 . 

By dimension count one easily verifies that 

(30) <j)x(Cx) u 2 (C 2 ) = qhf 

where F is an irreducible cubic surface in P 3 . Since the degrees of both sides in (1301) are 
equal to 6 one obtains that 4>x(Cx) U 2 (C 2 ) is a canonical curve of arithmetic genus 4. This 
shows 

Claim. The canonical map 4>k '■ X' — > P 3 is a regular embedding and 4>k(X') = QC\F where 
Q is a reducible quadric Hx U i? 2 and F is an irreducible cubic surface. 

Proposition 4.20. Let H°(X',ux>) be the hyperplane of regular differentials with trace 
and let q~ E \ojx'\* — P 3 be the corresponding point. Then q~ £ Hx U if 2 = Q- 

Proof. Let A = {2/1, 2/2,2/3}, Let o : C 2 — > C 2 be the involution interchanging the 
branches of p 2 : C 2 — > F and let G = {id, a}. The mapping p?; o Tr p2 transforms injectively 
H°(C 2 ,n C2 (A)) in to H (C 2 ,n C2 (A + aA)) G . Since these spaces as well as H°(Y,Q Y (B')) all 
have dimension 3 we conclude that 

(31) Tr P2 : H°(C 2 , fi Ca (A)) ^ #°(1, fty (#')) 

is an isomorphism. Let (0*1, o; 2 ) £ H°(X', u)x') De a regular differential with trace 0, 
T?v(u;i,u; 2 ) = Tr Pl (co>i)+Tr P2 (u; 2 ) = 0. Then uo = Tr Pl (ujx) E H°(Y,VL Y (B')) andTr P2 (c^ 2 ) = 
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— u). Conversely by the isomorphism (J31"j) the regular differentials with trace are the pairs 
(u)i,U2) that satisfy the latter property. The fact that the restrictions (ui,u 2 ) i— > uj x and 
{u)i,u} 2 ) !— * ^2 are isomorphisms of H°(X',ux') — H°(F 3 , Ops(l) © J g ) with respectively 
^(Ci.fi^CE^)) = H\H u O Hl {l)) and #°(C 2 , n C2 (E^)) = H {H 2 ,O H2 {l)) implies 
that q~ HxU H 2 . □ 

Proposition 4.21. Lei 7r' : X' — > Y~ 6e t/je singular triple covering of \4-19$ with sufficiently 
general branch points {61,62,^3} C Y. Then there exists a finite, flat, surjective morphism 
p = f):X—>-YxT where X and T are smooth and irreducible varieties such that the 
following properties hold: the morphism f : X — > T is proper and flat; the scheme-theoretic 
fibers of f are reduced and have dimension 1 and arithmetic genus 4; for every sufficiently 
general s G T the covering p s : X s — > Y x {s} is simple; there is a point Sq G T such that 
p So : X SQ — > Y is equivalent to 7r' : X' — > Y . 

Proof. Consider the curve Xq = C\ U C 2 and the covering ttq = p\ U p 2 : Xq — > Y. One 
has (p 2 )*Oc2 = Oy © rj where r\ = Ker(Tr P2 : (p 2 )*Cc 2 ~^ Oy) is an invertible sheaf of Y 
with rj® 2 = Oy. The Tschirnhausen module of tt : X — > Y is the quotient sheaf Eq defined 
by 

— o Y -i (7r o )*0xo — K — 0. 

It is isomorphic to Ker(Tr no : (tvo)*Ox — ► CV))- There is a canonical embedding X 
P(£ ) such that i*Op (Bb) (l) S wx /y = w Xo ® ^(wy)" 1 (cf. [dj p.448). We claim £ V = 
Oy © rj. Indeed, (tto)*Gx q — Oy © (Oy © 77). The trace map is given on local sections 
by Tr 7T0 (ai,a 2 + b) = ai + 2a 2 . Thus the homomorphism Oy © r\ — > KerTr V0 given by 
(a, 6) 1 — > (—2a, a + 6) is an isomorphism. Let Pro = P(-Eb) = P(CV ©77). This is an elliptically 
ruled surface of invariant eo = and with two sectional curves Yq and Y^ with minimal self- 
intersection — eo = 0. Clearly C 2 7^ Yq and C2 7^ thus one may choose b\ in such a way 
that if 7r ( 7 1 (oi) = {xi, yi, y[} with xi G Ci, yi, y[ G C2 none of the points y\ or y[ belongs to 
YqUYqc. Performing an elementary transformation with center at the point y[, which consists 
of blowing-up y[ and blowing-down the strict transform of the fiber of Wq — > Y passing 
through Xi and y\ we obtain a new ruled surface W\ —>■ Y with invariant e\ = —1 jSe] p. 210 
and an embedding of X\ = Xq/x\ ~ y% in W±. Let m : X\ — > Y be the covering induced 
by 7r . Choose a second non-branch point b 2 E Y, b 2 7^ 61 and let 7r 1 " 1 (6 2 ) = {x 2 ,y 2 ,y' 2 } 
with £2 G Ci, 2/2, 2/2 ^ C*2- There is a sectional curve with minimal self-intersection —e\ = 1 
passing through y 2 |Haj Ex.V.2.7. Performing an elementary transformation with center in 
y 2 we obtain a new ruled surface W 2 — > Y with invariant e 2 = [Sij p. 210 and an embedding 
of X2 = X\jx 2 ~ j/2 in M^2- We claim that W2 ma y have only a finite number of sectional 
curves with minimal self-intersection — e 2 = 0. Indeed, otherwise there would be an oo 1 
family of such curves and if z 2 G W 2 is the image of the blown-down curve of W\ there 
would be a sectional curve with minimal self-intersection passing through z 2 . Performing 
an elementary transformation of W 2 with center in z 2 we would obtain a ruled surface with 
invariant e = 1. This surface is however isomorphic to W\ with invariant e\ = —\ which is 
absurd. Let tt 2 : X 2 = X /{xi ~ yi} 2 =\ —> Y be the mapping induced by n . Since C 2 C X 2 
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cannot be a sectional curve we may choose 63 in such a way that if tt^ 1 ^) = {£3, 2/3, y' 3 } with 
£3 G C\, 2/3, 2/3 G C 2 then none of y 3 or y 3 belongs to the union of the sectional curves with 
minimal self-intersection. Performing an elementary transformation of W2 with center in y' 3 
we obtain W = W3 with invariant e = — 1 and an embedding of X' = X /{xi ~ 2/i}f=i in W. 
Let Yq be a sectional curve with minimal self-intersection Yq 2 = —e = 1 and let F be a fiber of 
W —>■ Y. We have numerical equivalence X' = 3Yo + 6-F since X'-F — deg(7r' : X' — ► Y) — 3. 
For the canonical class K w of iy one has Kw = —2Y + F |Haj Cor.V.2.11. Hence 

2p a (X') - 2 = 6 = X' ■ {X' + K w ) = (3Y + bF)(Y + {b + l)F) = 3 + 3(6 + 1) + b = 6 + Ab. 

Therefore 6 = 0. We now apply a criterion of very ampleness due to Biancofiore and Livorni 
[BLi p. 183. Namely, 6 = 0>3e + 2 = —1, hence Oy/(X') is a very ample invertible sheaf. 
The required family in the proposition is constructed as follows. Let P n = |(9iy(X')| v and 
let <p : W -> P n be the closed embedding. We let Z = P n , X' C W x Z be the closed 
subset X' = {(x, j)\(p(x) G Hj}. It is clear that X' is smooth and projective. The projection 
7ri : X' — > has fibers = P ra_1 , so A" is irreducible. The projection W ^ Y induces 
p' : X' — > Y x Z which is a finite surjective morphism to a smooth variety, so it is flat. Let 
/' = 7T2 : X' — > Z. This is a flat morphism since it is a composition of two flat morphisms: 
p' : X' -> y x Z and Y x Z -> Z. Let T = {s G ^1^' is reduced}. We prove below T is 
open in Z. Assuming this we let X = (p') _1 (y x T) and p : X — > Y x T be the restriction 
of p' on Af. 

For proving the openness of T we use that a locally noetherian scheme is reduced if and 
only if it satisfies the conditions Rq and S\ |AKj p. 132. Every X' s is a hyperplane sections of 
the smooth surface W, so it is Cohen-Macaulay and satisfies the conditions Sk for all k. The 
condition Rq means the scheme is smooth at every generic point. Let R' C X' be the closed 
subset where the differential of /' has not a maximal rank. Since /' is proper B = f'(R') is 
closed in Z and B 7^ Z by Bertini's theorem. Let B\ = {s G B\ dim(/'|ij/) _1 (s) > 1}. This 
is a closed subset of B and the condition Rq holds for s G Z iff s G Z — B\ . Thus T = Z — B\ 
is open. 

It remains to prove that for sufficiently general s G T the covering p s : X s — > y is 
simple. The ruled surface W has invariant e = — 1, so W = P(F) where F is a normalized 
indecomposable locally free sheaf |Haj Ch.V§ 2. If E is the dual of the Tschirnhausen module 
of 7r' : X' — ■> y, then by |Mij p. 1150 one has E = F ® L for a certain invertible sheaf L on 
y, hence i£ is indecomposable of degree 3 (see the proof of Lemma f2.3|) . Let A = det E. By 
Proposition ^. 91 and Lemma l2~B1 every sufficiently general simple covering [X — > y] G ^^(y) 
has Tschirnhausen module isomorphic to E y and X G |Op(£)(3) ® 7r*(det 1 1 . The curve 
X' belongs to the same linear system. Since simpleness is an open condition we obtain that 
for sufficiently general s G T the covering p s : X s — > Y is simple. □ 

Proposition 4.22. Lei K be an elliptic curve and let A G Pic 3 Y . Then every sufficiently 
general simple triple covering 7r : X — ► Y having a Tschirnhausen module E v with det E = A 
satisfies the condition of Corollary \4-17\ X is not hyperelliptic and q~ ^ Q. 

Proof. Composing 7r by an automorphism of Y does not change neither q~ G P 3 nor 
the quadric Q D 4>k(X). By the argument of Lemma l2~B1 it suffices to prove the claim 
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only for one line bundle in Pic 3 (Y). Let E v be the Tschirnhausen module of the reducible 
covering tt' : X' — » Y as at the end of the preceding proof. Let A = det E. By the proofs of 
Theorem 12.101 (cf. Corollary 12.12)1 and Proposition 14.211 a Zariski open nonempty subset of 
T~tz,A(Y) consists of equivalence classes of coverings [X — > Y] such that X G 

We claim that for every C G |CV(X')| the dualizing sheaf ujc is spanned, i.e. the 
canonical homomorphism H°(C,ujc) ® Oq — * is surjective. Indeed, using the notation 
of the proof of Proposition 14.211 one has K w + X' = Y + F. Hence Ow{K w + X') is 
base-point-free by |BLij p. 183. Thus by the adjunction formula uic = 0\y(K w + X') ® Oq 
is spanned. Let us consider the family / : X — > T constructed in Proposition 14.211 Let 
oj x/t := VL 1 ^ ® By flatness f*uJ x/T is locally free of rank 4. By the above claim 

the canonical morphism f*(f*u> x/T ) — > 0J X/T is an epimorphism. This yields a well-defined 
relative canonical map 



The trace mapping Tr p : — > fiy xT is an epimorphism since for every $ G T(V, Oy xT ) 
one has Tr p (^— p*$) = $. This yields an epimorphism Tr : f *w x/ T — > cuy) <8> (9^ = 

hence a section [i of g : P — > T. According to Proposition IA.2I the restriction of Tr at 
the fiber over any s G T equals Tr Ps : if °(Af s , u^J — > H°(Y, LOy)- Hence /z(s) is the point q~ 
for p s : X s — > K as defined in ()4.1U|) . 

Consider the homomorphism y?* : ^Op(2) — > /*^w T - If So G T is the point which corre- 
sponds to the reducible covering tt' : X' = C1UC2 — > Y, then <^*®&;(so) : S 2 H°(X SQ ,ux SQ ) — > 
H°(X So , uj% 2 ) is surjective since 4>k(X sq ) is contained in a unique quadric. Hence replacing 
T by an afline neighborhood of Sq if necessary we may assume that for every s G T the fiber 
homomorphism if* <g> fc(s) is surjective with one dimensional kernel. In particular if X s is 
smooth it is non-hyperelliptic. We obtain a relative quadric Q C P which contains f{X). 
The set V = {s G T|/i(s) G Q(s)} is closed in T and So ^ V. The proposition is proved. □ 

5 Unirationality results 

We first give an alternative proof of a known result |BLlj . 

Theorem 5.1. The moduli spaces of polarized abelian surfaces .4.2(1,2) and .4.2(1,3) are 
unirational. 

Proof. Let d = 2 or 3. We fix an elliptic curve Y and let T be the Hurwitz space 
7~Ld,4(Y). We consider a commutative diagram as in (fT2j) 



X 



P{f*> x/T ) = P 




T 



X 



v 



Y x T 




T 
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where p is the universal family of simple coverings of degree d branched in 4 points. 
According to Theorem 12.101 T is irreducible. Applying Lemma fl. 21 and Proposition 13. 14=1 we 
obtain a period mapping <L> : T — ► .42(1, d). We claim <L> is dominant. Let sq G T and let 
H C T be a polydisk centered in so as in (|4.1)1 . Then we have a lifting of the period mapping 
and a commutative diagram 



T ^ 2 (1,3) 

By Propositions 14.141 and ()4.12j) if sq is chosen general enough the differential d<P(so) is 
surjective. Hence by the implicit function theorem a neighborhood of 'P(sq) is contained in 
'P(H). Therefore <P is dominant. Let us choose A G Pic 2 Y. Then the images by $ of Ti, d ^(Y) 
and Ti. d}A (Y) are the same (cf. Proposition 13.141 and the proof of Lemma l2.5|) . Thus the 
restriction of <L> : Tld,A(Y) ~ > ^O-^d) is dominant as well. By Theorem 12.101 Ji^A^X) is 
unirational. Therefore ^(Ij d) is unirational. □ 

Gritsenko proved in |Gri| that if ^4 2 (1 5 ^) is a nonsingular, projective model of .4.2(1, d), then 
the geometric genus p g (A 2 (l,d)) > 1 when d > 13 and d ^ 14,15,16,18,20,24, 30,36. 
Sankaran proved in |Saj that if d is prime and <i > 173 then .4.2(1, d) is of general type. 
If g(Y) = 1 none of the Hurwitz spaces Tid, n (X) is uniruled because of the epimorphism 
h : H d>n {Y) -> Pzc n / 2 F (cf. (JUD). We denote by H dn (Y) the subset of Ti d , n (Y) whose 
points correspond to coverings tt : X — >• K with the property that : Hi(X, Z) — > Hi(Y, Z) 
is surjective, or equivalently that 7r* : J(K) — > ^/(^) is injective. This property is preserved 
under deformation, so Ti. dn (Y) is a union of connected components of TCd, n {Y). We denote 
by H\ A (Y) the intersection H\ A (Y) n H dA {Y). We notice that ^,n( y ) and are 
non-empty for every n >2 and every A G Pic n l 2 Y as follows from Lemma [2. 11 Lemma fl . II 
and Lemma 12.51 In a direction opposite to the one of Theorem 15.11 we have the following 
result. 

Theorem 5.2. Let Y be an elliptic curve and let A G Pic 2 Y . Let d > 13 and let d ^ 
14,15,16,18,20,24,30,36. Then every connected component ofH dA (Y) has the property 
that each of its nonsingular, projective models has geometric genus > 1. In particular none 
of the connected components ofTC dA (Y) is uniruled. If furthermore d is prime and d > 173, 
then every projective nonsingular model of any connected component of 7i d)A {Y) is of general 
type. 

Proof. Using Lemma fl.ll and repeating the argument of Theorem 15. II we obtain a mor- 
phism <L> : 'H dA {Y) — > A 2 {1, d) whose restriction on every connected component is dominant. 
The theorem follows thus from the results of Gritsenko and Sankaran cited above. □ 

Theorem 5.3. The moduli spaces of polarized abelian threefolds .4.3(1,1,2), *4 3 (1,2,2), 
.43(1,1,3) and ^4.3(1, 3, 3) are unirational. 
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Proof. Let d = 2 or 3. We consider the family of coverings from (j2.13j) and Propo- 
sition 12.141 According to Lemma 11.21 and Proposition 13.141 the period mapping <P : T — > 
.4.3(1, l,d) defined by <£(s) = [Ker(Nm Ps )} is an algebraic morphism. We wish to prove $ 
is dominant. Let sq G T. Let us denote by it : X —>■ Y the covering corresponding to Sq- 
By the definition of $ (cf. ()3.11j) ) one may choose a neighborhood 5* of so (in the Hausdorff 
topology) such that <P\g may be lifted to a holomorphic mapping in fj 3 

S »f>3 



T A 3 (l, 1, 3) 

Consider the restriction of the family (J1J) on S. Applying Proposition 14.31 to the deformation 
dllj) we conclude that, shrinking 5* if necessary, there is a holomorphic mapping fi : S — > NxH 
such that the family of coverings over S is the pull-back of the family induced from (|19|) . 
Considering the period mappings one obtains a commutative diagram 



4> 

NxH 

By Proposition 14.221 if s G T is chosen general enough the differential d<E>(so) is epimorphic. 
Hence by the implicit function theorem a neighborhood of <P(so) is contained in <P(N x H). 
Consider the Tschirnhausen module S v of the covering X — > y x N (N x if) induced from 
(|19l) . The set of u £ N x H such that ^ u is stable is open in iV x H (cf. Proposition IB.4|) . 
For vector bundles of rank 2 and degree 3 over an elliptic curve being stable and being 
indecomposable are equivalent conditions |Tuj p. 20. Hence by Proposition [2HH if one chooses 
so ^ T general enough a neighborhood of /x(so) m N xH corresponds to triple coverings with 
indecomposable Tschirnhausen modules of degree —3. Given a triple covering of an elliptic 
curve, composing the covering by a translation results in translation of the determinant of 
the Tschirnhausen module (cf. the proof of Lemma T2.5p while the kernel of the norm map of 
the Jacobians remains the same. This shows that ^'(S 1 ) contains the image by $ of a certain 
neighborhood of fi(so) in iV x H . Therefore a neighborhood of <P'(so) i n £>3 is contained in 
<P'(S). This shows that $ : T — ► ^3(1, 1, d) is dominant. 

By construction T is rational. Therefore .4.3(1, l,d) is unirational. The unirationality of 
As(l,d,d) then follows either from the result of Birkenhake and Lange |BL3j or from the 
weaker statement in Proposition 13.121 □ 

The proofs of Theorem 15.11 Theorem 15.21 and Theorem 15.31 together with Proposition 13.141 
yield the following corollary. 

Corollary 5.4. Let Y be an elliptic curve. Every sufficiently general abelian surface with 
polarization of type (l,d) is isomorphic to the Prym variety of a simple degree d covering of 
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Y branched in 4 points. For every sufficiently general abelian threefold A with polarization 
of type (1, 1, d), d = 2 or 3 there exists an elliptic curve Y (depending on A) such that A is 
isomorphic to the Prym variety of a simple covering it : X — ► Y of degree d branched in 6 
points. For every sufficiently general abelian threefold B with polarization of type (l,d,d), 
d = 2 or 3 there exists an elliptic curve Y and a simple covering ir : X — > Y of degree d 
branched in 6 points such that B is isomorphic to Pic°X/ir*Pic Y . 

A Traces of differential forms 

A.l. In this appendix we assume the base field k is algebraically closed of characteristic 
0. Let X and Y be smooth, irreducible varieties of dimension n, let p : X — > Y be a 
finite, surjective morphism. One defines the trace mapping Tr p : Q n (X) — > Q n (Y) for 
rational differential forms n-forms as follows. Let Yq C Y be an open subset such that if 
X = p~ 1 (Y ) the restriction p : X — > Y is etale. If Vi, . . . ,v n are local parameters at some 
point y G Y , then Tr p (adp*v\ A ■ • ■ A dp*v n ) := Tr p {a)dv\ A • ■ ■ A dv n . It is well-known that 
the trace mapping transforms regular differentials of X into regular differentials of Y (cf. 
[LI] Example 2.1.2). More generally one may define in the same way Tr p : Q n (X) — ► f2 n (y) 
for every finite, surjective morphism p : X — > Y between reduced, equidimensional schemes 
of dimension n where Q n (X) and Q n (Y) are the sheaves of rational n-forms. 

Proposition A. 2. Suppose we have a commutative diagram 

x p - »y 




where X,y and T are smooth and irreducible, T is affine, dim A" = dim 3? = n, p is finite 
and surjective, the morphisms f and g are proper of relative dimension 1 with reduced fibers. 
Suppose the discriminant subscheme of p does not contain fibers of g. Then for every s G T 
one has canonical isomorphisms given by Poincare residues (^%)s — ^x s , (Qy)s — an d 
the following commutative diagram holds 

h°(x, n n x ) ® k{s) H°(y, nj) ® k(s) 

(32) - - 

H°{X.,u>x.) ^ ► H°(y s ,uy s ) 

In particular for every s G T the trace mapping Tr Pa transforms the regular differentials of 
X s into regular differentials of y s . 

Proof. Let ti, . . . , t„_i be local parameters of T at s. If x G X s and if u\, . . . , u n are 
local parameters of X at x then a generator of {oj x ) x is given by the Poincare residue 
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f* (dtlT '-Adt n i) \ x »' ^ ne ver tical homomorphisms in (|32p are induced by the Poincare residue 
and it is a standard fact that they are isomorphisms when T is affine. Let 3^o C ^, Xq = 
P _1 (3^o) be open subsets such that p : X — > y is etale and 3^o H 34 and Ao D X s are smooth 
and dense. In order to verify ()32j) it suffices to prove the commutativity of an analogous 
diagram with X, y replaced by X , y Q and X s , y s replaced by X s D X , y s fl 3^o respectively 
Let ip G -ff°(Af , fi^r). Let y G 34 fl 3^o an d let f„ be local parameters of 3^ at 3/ defined 

in an affine neighborhood V C 3V Let Z7 = p^iV) and let = ap*(dv\ A • ■ ■ A <it> n ) with 
a G r(Z7, Ca 1 )- Then Tr p ((p) = Tr p (a)dvi A • ■ ■ A di>„. The Poincare residue of this form 
equals Tr p (a) \ y a g , ^' '■' acm" i ) I y° • ^ ne P°i ncar e residue of on ^ equals 

■ p*dvi A ■ ■ • A dw n | | „ / dvi A • • • A efo n , \ 

a \ x °f*dt 1 A---Adt n -J x ° ~ a '^ Ps A • • • A dtn-! ' 

Applying Tr Pa to this differential one obtains Tr Pa (a| a-J ^t^a^a^T) ly» • ^° ^ e commu ta- 
tivity of (J32|) follows from the equality Tr p (a)\y s = Tr Ps (a\x s ) (cf. |AKj p. 123). □ 

B Openness conditions for families of vector bundles 
over families of elliptic curves 

In this appendix we will make the customary identification between vector bundles and 
locally free sheaves. In the next proposition we prove a result which should be well-known, 
but we could not find an appropriate reference. The openness of the stability and the 
semistability conditions for families of vector bundles over a fixed curve of genus > 1 is 
proved in |NS| Theorem 2 and in fact their proof is easily adapted to the case we consider 
in the proposition below. Families of vector bundles varying over a family of curves of genus 
> 2 are treated in |Paj p. 459. 

Given a vector bundle over a smooth, projective curve we denote by r(E), d(E) and 
p,(E) = d(E)/r(E) the rank, degree and the slope of E. The following facts about vector 
bundles over an elliptic curve are known (see e.g. |()ej .|Brj. |Tuj ) A vector bundle is semistable 
if and only if it is a direct sum of indecomposable vector bundles of the same slope. A vector 
bundle is stable if and only if it is indecomposable and its rank and degree are coprime. If 
one fixes one indecomposable vector bundle E(r, d) of rank r and degree d then all others 
are isomorphic to E(r, d) ® L where L G Pic°Y |Atj Theorem 10. 

Definition B.l. Let E be a semistable vector bundle over an elliptic curve. E is called 
polystable if E = E\ © • • • © E n , where Ei is stable for every i = 1, . . . , n. Let r(E) = rh, 
d(E) = dh, where (r, d) = 1. E is called regular if h°(EndE) = h (cf. [KM Wp . 

Lemma B.2. Let E be a semistable vector bundle over an elliptic curve of rank rh and 
degree dh, where (r,d) = 1. Then h°(EndE) > h. The vector bundle E is regular, polystable 
if and only if E = E\ © • • ■ © Eh, where every Ei is indecomposable of rank r and degree d 
and Ei £ Ej for Vi ^ j. 
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Proof. Let E = E\ © • • • © E n where every Ei is indecomposable. We have = 
fi(E) = d/r, so r(Ei) = rhi, d{Ej) = dhi. By jAtj Lemma 24 and the proof of Lemma 23 
one has for every i — 1, . . . , n that Ei = E[ © F^, where E[ is indecomposable of rank r and 
degree d and furthermore h° (End Ei) = hi. Thus h°(EndE) > ^ hi — h. The vector bundle 
E is polystable if and only hi = 1 for every i and therefore n = h. It is regular polystable if 
moreover h°(Ei © Ej) = 0, or equivalently Ei ^ £y for Vz 7^ j, □ 

Lemma B.3. Let E be a vector bundle over an elliptic curve. Then E is not stable (resp. 
not semistable) if and only if there exists a stable vector bundle F of rank < r(E) and slope 
M-^ 1 ) — M-^) ( r esp. fi{F) > fi(E)) and a nonzero homomorphism of F into E. E is 
semistable, but is not regular polystable if and only if there exists an indecomposable vector 
bundle G with fi(G) = fi{E) and r(G) < r(E) such that dim. H om(G , E) > 2. 

Proof. The statement about non-stability resp. non-semistability is proved in |NSj Propo- 
sition 4.6 for vector bundles over smooth, projective curves of arbitrary genus > 1. Let E 
be semistable and let E = E\ © • • • © E n be a direct sum of indecomposable vector bundles, 
which by the semistability have slopes equal to (J,(E). Suppose E is not regular polystable. 
Then either one of Ei has {r{E i ) 1 d{E i )) > 1 and in this case we let G = Ei, or Ej = E^ 
for some pair j 7^ k and in this case we let G = Ej. Then clearly dim H om (G, E) > 2. 
Conversely, suppose E is regular polystable. Let r(E) = rh, d(E) = dh where (r, d) = 1 
and let E = E\ © • • • © E^ be the decomposition of Lemma IB .21 If G is indecomposable 
with (jl(G) = d/r, then G = G' © Ft, where G' is indecomposable of rank r and degree d 
jAT] Lemma 26. For every i we have G v © E { = (G') v © Ei © F/ = (XjLi Lj) © F t where Lj 
are line bundles of degree (cf. [At j pp. 434,437,439). Only one of Lj might be isomorphic 
to the trivial line bundle and this happens if and only if G' = Ei. By jAtj Theorem 5 we 
conclude dim Hom(G, E) = h°(G y © E) < 1. □ 

Proposition B.4. Let q : y —>■ B be a smooth family of elliptic curves. Here in the algebraic 
setting B is a scheme and q is a smooth morphism, in the complex analytic setting B is an 
analytic space and q is a smooth holomorphic mapping. LetS be a vector bundle overy. Then 
the sets B s = {b G B\ £& is stable overy^}, B ss = {b E B\ £b is semistable overy{\, B rss = 
{b G B\Sb is regular semistable over y^} and B rps = {b G B\Sb is regular polystable over y^ } 
are all open in B. 

Proof. Replacing B by B re d we may assume B is reduced. The statement is local so we 
may furter assume B is connected and is either affine scheme (in the algebraic setting) or is 
a Stein space (in the complex analytic setting). Furthermore it is obvious it suffices to prove 
the statement of the proposition for elliptic fibrations which have a section o : B — ► y. We 
need a lemma. 

Lemma B.5 (Atiyah). Let r,d be a pair of integers, r > 1. Then there exists a vector 
bundle E(r, d) over y such that for every h G B the fiber E(r, d)b is indecomposable of rank 
r and degree d over 3^6 and if d = it holds h°(yb, E{r, d)b) = 1. 
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Proof. We only indicate the modifications one needs to make in order to apply the 
arguments of jAtj . Let D = cr(B). Tensoring by powers of C{D) we see it suffices to construct 
E(r,d) for < d < r. One proceeds by induction on r. If r = 1 one lets E(1,0) = Oy. 
Suppose E(£, d) is constructed for all i < r. Consider E(r — d, d). By jAtj Lemma 15 one has 
/i 1 (3^&, E(r — d,d)t) = h where h = max{l,d}. By Grauert's theorem the sheaf G = 
R}q*E{r — d, d) y is locally free. The extensions of q*G by E(r — d, <f) v are classified by 
Ext 1 (q*G,E(r-d,d) v ) = H\y, q*G v ® E(r - d, d) v ) = H°(B, R 1 q,(q*G v ® E(r - d, d) v )) = 
HorriB{G, R l q*E(r — d,d) v ). To the identity homomorphism it corresponds an extension 

— >E(r-d,d) y — ► T — ► Q — > 0. 

One lets E{r,d) = T y . □ 

We continue the proof of Proposition IB. 41 Let us consider y x B y. Let A C y x B y be 
the diagonal. Let £(r, d) = p\E{r, d) ® C(A — p 2 D) where Pi : y x B y — > y are the two 
projections. Looking at p 2 : y x B y — > y as a base change of the fibration q : y — > B we 
have that S(r,d) is a Poincare vector bundle for the elliptic fibration q : y — » B. Namely, 
every fiber S(r,d) z , z e ^ is an indecomposable vector bundle over 34, where q(z) = b, 
and for every indecomposable vector bundle E of rank r and degree d over 34 there exists a 
z G 34 such that E^£(r,d) z (cf. [S] Theorem 10). 

Let /x = d(£b)/r(£b). Let us fix integers r > 1 and d G Z such that (r, d) = 1 and 
d/r > fi (resp. > //). Let A C 5 be the subset of b E B such that there exists a stable 
vector bundle F over 34 of rank r and degree d and a nonzero homomorphism F — > £{,. We 
claim A is closed in _B. Indeed, consider W = <S(r, <i) v (g> over 3^ x b 3^- From the upper 
semi-continuity theorem for cohomology applied to W and p 2 '■ y x ^ 3^ - *• 3^ it follows that 
the set S={ze 3^°(34, £(r, d)^®£ b ) > 1 for b = q(z)} is closed in y. Since q : y ^ B 
is proper and A = g(5*) we conclude A is closed in B. 

If a vector bundle E over a smooth, projective curve X is not stable (resp. not semistable) 
there exists a proper stable vector subbundle F of E such that fi(F) > fi(E) (resp. fi(F) > 
fi(E)) (cf. |JNSj Proposition 4.5). Furthermore the slopes of such vector bundles are bounded 
from above by a constant. We recall how one obtains a majorant for fi(F) (see e.g. |Brj p. 82). 
Let L be a line bundle on X of positive degree and let E v ® L m , m > be generated 
by global sections. Then E is isomorphic to a vector subbundle of the semistable bundle 
(L w )® , so for each vector subbundle F C E one has /i(-F) < mdeg(L). 

If g : 3^ — -B is an algebraic family then there exists an m > such that q*q*£ v <g) 
C{mD) £ y ® C{mD) is surjective. If <£4 is not stable (resp. not semistable) then as we 
saw in the preceeding paragraph there exists a proper, stable vector subbundle F C £b such 
that fi = p,(£b) < n{F) < m (resp. p, = p(£b) < n(F) < m). The rank and degree of such 
vector subbundles belong to a finite set of integers. So, from what we proved above and from 
Lemma lB.31 the set B — B s (resp. B — B ss ) consisting of b e B such that £4 is not stable 
(resp. not semistable) is a finite union of closed subsets of B and hence it is closed in B. 

In the complex analytic setting a small change of the above argument is necessary. It 
suffices to check that UC\(B — B s ) (resp. Un(B — B ss )) is closed for every relatively compact 
open subset U C B. For each such U there exists anm>0 such that q*(q*£ y ®C{mD)\u) — > 
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£ v (g> C{mD)\ q -iu is surjective. Repeating the argument of the preceeding paragraph we see 
that both B — B s and B — B ss are closed in B. 

That B rss is open in B ss follows from Lemma TB. 21 and the upper semi-continuity theorem 
for cohomology. 

Let r(S) = rh, d(S) = dh where (r,d) = 1. Let 1 < t < h. Consider the vector bundle 
H = S(r£, d£) y ®p\8 over y x B y. From the upper semi- continuity theorem for cohomology 
applied to H and p 2 : yx B y -> y it follows that the set St = {z E 3^° (34, £(r£, d£) y z ®8 b ) > 
2 for b = q(z)} is closed in y. Since q : y — * B is proper the image = q(Sg) is closed 
in 5. According to Lemma fB. 31 the set B rps is the complement in B ss of Ug =1 Ae. Therefore 
B rps is open in B. □ 
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